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1 Introduction 



1.1 Context and possible motivations 

The purpose of this article is to provide a concise introductory review of the superspace 
geometry relevant for N = 1 super symmetric theories in four dimensions which go beyond the 
by now commonly used standard formulation of the general supergravity- matter system Q, Q, 
@. Beyond is meant here in the sense that, in addition to the general couplings of chiral matter 
multiplets and of Yang-Mills multiplets to supergravity, couplings of linear supermultiplets in the 
presence of Chern-Simons forms will be included. Relying on the mechanisms used successfully 
for the implementation of Chern-Simons forms of the Yang-Mills type in supersymmetric theories 
Q, H], an attempt is made to clarify, as concisely as possible, the geometrical structures and 
the special features occurring in the corresponding descriptions of gravitational Chern-Simons 
forms. 

As the most popular motivation for this work we recall that couplings of antisymmetric 
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tensor gauge fields to supersymmetric theories, and the appearance of Chern-Simons forms, 
are important ingredients in the construction of low energy effective approximations of some 
underlying fundamental superstring theory. 

As usual in this kind of approach it is prohibitively complicated, if not impossible, to ex- 
plicitly derive the effective from the exact theory. There are, however, criteria which allow 
nevertheless to obtain nontrivial information on the form of the low energy theory, one of them 
being the requirement of absence of anomalies in the fundamental theory. 

In the case of superstring theory, this kind of reasoning leads, among other things, to the 
coupling of the antisymmetric tensor gauge field together with Yang-Mills and gravitational 
Chern-Simons forms via the so-called Green-Schwarz mechanism in the ten-dimensional ef- 
fective theory. At this point, however, supersymmetry of the mechanism is far from evident, 
not only due to technical complications but also at a more fundamental level due to the lack of 
complete understanding of higher-dimensional and/or extended supersymmetries. 

In attempts of relating such kinds of theories to effective four-dimensional ones with = 1 
supersymmetry the remnants of anomaly cancellation mechanisms should show up in one way 
or another. As, in particular, one requires these couplings to appear in a supersymmetric way, a 
more profound understanding of the general structure of supersymmetric theories in themselves 
is important, irrespective of the motivation put forward in relation with superstring theory. 
Stated differently, one might turn the argument around and study the general form of A = 1 
four-dimensional supersymmetric theories as a framework into which any of the candidates of 
such low energy approximations should fit. It is actually this point of view which will be adopted 
in our investigations. 

Hence turning to A = 1 supersymmetry in four dimensions, we recall that an antisymmetric 
tensor appears in the so-called linear multiplet, together with a real scalar and a Majorana 
spinor. The lesson to be learnt is then to couple this multiplet to the general supergravity-matter 
system, which, together with its intrinsic Kahler invariance is by now rather well understood in 
geometric terms 0, 

The structure of chiral Kahler transformations, inherent in any coupling of supergravity with 
matter has led in to a unified geometric description of such theories: chiral Kahler transfor- 
mations appear together with Lorentz transformations in the structure group of superspace. 



It is well-known from the standard superspace formulations |1C], 1 11 1, that the spin connection 
in supergravity theories is expressed as a function of the vierbein field, its derivatives and of 
quadratic Rarita-Schwinger field terms. Likewise, in the new approach, the Kahler connection 
|12] (not to be confused with the Christoffel connection on the Kahler manifold itself) is given in 
terms of the bosonic matter component fields, their space-time derivatives and their fermionic 
supersymmetric partners (for this reason it is sometimes referred to as composite connection). 
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Both these geometric objects appear naturally in the framework of so-called Kdhler superspace 
geometry. Moreover, this geometric formulation gives rise to a unified dynamical description: the 
super symmetric action of the kinetic terms of the complete supergravity-matter system (with 
canonically normalized Einstein term) is given by one single term in superspace, namely the 
superdeterminant of the frame of Kahler superspace. 

Given this powerful and elegant formulation it is natural to search for a generalization which 
allows to accommodate the couplings of linear multiplets as well. In addition, such a construction 
should be able to embody the additional structures arising from the supersymmetric inclusion 
of Chern-Simons terms in the field strength of the antisymmetric tensor. 

A promising way to implement more general couplings of any number of linear multiplets to 
the supergravity-matter system consists in generalizing the notion of Kahler superfield potential: 
in addition of being exclusively a function of the chiral and antichiral matter superfields it is 
allowed to depend on the linear superfields as well. This approach has given already a number 
of interesting results in particular cases: 

• The coupling of a single linear multiplet to supergravity (without matter) came under the 



disguise of the so-called 16 — 16 supergravity |13[], [|14[, [y^, |l 



This coupling was subsequently amended to include Chern-Simons forms of supersymmet- 
ric Yang-Mills theory Q. 

Based on the geometric description in superspace, a particularly interesting special cou- 



pling [17 1 of one linear multiplet with Chern-Simons form of Yang-Mills type to the com- 
plete supergravity-matter system has been worked out in full detail [^]. Moreover the 
extension of this construction to the case of general couplings of an arbitrary number of 
linear multiplets has been indicated. 

• The superspace geometry relevant for gravitational Chern-Simons forms has been devel- 
opped and a superspace action has been proposed @, |l|. 



In a slightly different language, making use of the duality between linear and chiral multiplet 
formulations, component field expressions arising from couplings of gravitational Chern-Simons 
forms in "higher derivative supergravity theories" have been reported in a series of publications of 



S. Ferrara et al. |2C], |21], |22], |23], |24|, clearly demonstrating the complexity of the subject and 
pointing out the appearance of new unorthodox structures (related to higher derivative couplings 
of matter fields and the role of previously auxiliary firlds which may become dynamical in some 
sense), questions which clearly deserve further study. 

Recall also that the issue of linear multiplet couplings and supersymmetric Chern-Simons 
forms is relevant in the context of string loop corrections to effective gauge coupling functions 
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1 25], 1 27 1 and its relations to Kahler sigma model anomaly cancellation mechanisms [Pq ], 

m, [n, m- 

From the point of view of general properties of supersymmetric theories, as alluded to above, 
the situation may be interpreted as follows. In distinction to the traditional approaches, i.e. 
without linear multiplets and Chern-Simons forms, where the effective gauge coupling functions 
are restricted to be the sum of a holomorphic and an anti-holomorphic function of the scalar 
matter superfields, the explicit calculations of string loop corrections yielded non-holomorphic 
gauge coupling functions. This apparent contradiction can be explained in the framework of 
theories which include linear superfield and Chern-Simons couplings [^], |^^, already 

contained in the general formulation proposed in [Q. 

Again, in this kind of investigations, the Yang-Mills case is comparatively well understood, 
whereas in the corresponding mechanisms involving supersymmetric gravitational Chern-Simons 
forms many questions are still awaiting a satisfactory answer. 

The present paper is intended to contribute to a clarification and a better understanding of 
the structure of supersymmetric theories describing couplings of linear multiplets and Chern- 
Simons forms, in particular gravitational ones. 

The basic idea of the approach presented here is the use of methods of superspace geometry, 
that is to proceed as far as possible in terms of superfields in order to encode compactly the 
embarrassing complications of explicit component field expressions. Done in an appropriate way 
this allows to analyse concisely the principal features of a supersymmetric theory, in particular 
when it comes to the formulation of the invariant action used to describe the supersymmetric 
dynamics. Only after having completely set the stage in geometrical terms, the transition to the 
description in terms of component fields {viz. invariant action, supersymmetry transformation 
laws, etc.) is performed, using standard textbook methods and without any further ambiguities. 

The basic strategy pursued in the present approach will be to generalize the description which 
works very well in the Yang-Mills case, to the gravitational problems. Without pretending that 
this approach is the only possible one, we feel nevertheless that for the time being it is the only 
realistic viable one. 

One of the purposes of this paper is to show that the gravitational case differs from the 
Yang-Mills case not only in being technically more involved, but also in certain conceptual 
respects. Loosely speaking this may be assigned to the fact that contrary to Yang-Mills given as 
superspace geometry in the supergravity- matter "background", the gravitational Chern-Simons 
forms are to be included concisely in the supergravity geometry itself. 
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1.2 Linear multiplet without supergravity 



The linear supermultiplet is the super symmetric extension of the antisymmetric tensor gauge 
potential 

Historically the antisymmetric tensor was studied already some time ago by V. I. Ogievetsky 



and I. V. Polubarinov [34|, later on it appeared in the context of string theory in the work of 



Kalb and Ramond |3^. The linear multiplet |Q, [^] is the prototype supermultiplet which 



contains an antisymmetric tensor gauge field, but there are other ones, in = 1 four dimen- 
sional supergravity, the new-minimal multiplet, as well as in extended and higher dimensional 
super symmetry. It was its ten-dimensional incarnation which was used by Green and Schwarz 
in their anomaly-cancellation mechanism |^]. In four dimensional effective theories this mech- 
anism is expected to result, among other things, in couplings of a modified linear multiplet to 
the supergravity-matter system. Modified means here that the effects of Chern-Simons forms of 
Yang-Mills and gravitational types should be taken into account. 

To begin with, we present in this section the basic features of a linear multiplet with Yang- 
Mills Chern-Simons forms in global supersymmetry. This discussion is intended to provide a first 
impression of the geometric methods used in the more general and complicated case when the 
traditional supergravity-matter couplings and gravitational Chern-Simons forms will be taken 
into account. 



Consider first the non-super symmetric case, i.e. the simple case of the antisymmetric tensor 
gauge potential bmn in four dimensions with gauge transformations generated by a four vector 
Pm such that 

and with invariant field strength given as 

hoimn = dlbmn + dmbnl + dnblm- (1-3) 

The subscript denotes here the absence of Chern-Simons forms. As a consequence of its 
definition the field strength satisfies the Bianchi identity 

£''™"4/iO/mn = 0. (1.4) 

The invariant kinetic action is given as 

C = (1.5) 

with hi = ^e'^'™'^/io imn denoting the dual of the field strength tensor. 
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Consider next the case where a Chern-Simons term for a Yang-Mills potential am is added 
such that 

Here A; is a constant which helps keeping track of the terms induced by the inclusion of the 
Chern-Simons combination 

Qlmn = — tr (a^idman] — YO'llO'rnO'n]) ; (1-7) 

with [Imn] = Imn + mnl + nlra — mln — Inm ~ nml. The gauge transformations of the Chern- 
Simons term are compensated by assigning suitably adjusted Yang-Mills gauge transformations 
to the antisymmetric tensor, thus rendering the modified field strength invariant. The presence 
of the Chern-Simons term modifies the Bianchi identity as well, it reads now 

e'^'^^^'dkhimn = -Ike^'^^^tvifklfmn). (1-8) 

A dynamical theory may then be obtained from the invariant action 

C = ltr(/-"/mn), (1.9) 

with h'^ = ^£'^'™"/iirnn! and Yang-Mills field strength 

fmn ~ ^m^n ^n^m ^ \^mi ^n]- (-'-•-'-^) 

This action describes the dynamics of Yang-Mills potentials a„i{x) and an antisymmetric tensor 
gauge potential hmn with effective ^-dependent couplings induced through the Chern-Simons 
form. 



This theory is dual to another one where the antisymmetric tensor is replaced by a real scalar 
a{x) in the following sense: one starts from a first order action describing a vector X^{x)^ a 
scalar a{x) and the Yang-Mills gauge potential am{x), 

C = {X^-k Q^dma + \ X^Xm - \ trir^'fmn), (LH) 

where the gauge Chern-Simons form is included as 

Qk ^ ^£«--Q^^„ = -e'^'^^tv^aidman-^aiaman). (1.12) 

Variation of the first order action with respect to the scalar field a gives rise to the equation of 
motion 

a^(x--fcg-) = 0, (1.13) 
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which is solved in terms of an antisymmetric tensor such that 

X^-kQ^ = le'^^^-dibmn. (1.14) 

Substituting back shows that the first term in ( |l.ll[) becomes a total derivative and one ends 
up with the previous action (|l]^) with /i™ = X™, describing an antisymmetric tensor gauge field 
coupled to a gauge Chern-Simons form. 

On the other hand, varying the first order action with respect to X™ yields 

Xm = -dma. (1-15) 

In this case, substitution of the equation of motion, together with the divergence equation for 
the Chern-Simons form, i.e. 

dkQ" = -ie'''""tr(/H/„„). (1.16) 
gives rise to a theory describing a real scalar field with an axion coupling term: 

C = -ia'"a(x) dma{x) - \tv{rVmn) " | a{x) e'='™"tr(/H/„^„). (1.17) 



It is in this sense the two actions ( p.. 9] ) and (1.17) derived here from the first order one ( 1.11| ) 



are dual to each other. They describe the dynamics of an antisymmetric tensor gauge field and 
of a real scalar, respectively, with special types of Yang-Mills couplings. Observe that the kinetic 
term of the Yang-Mills sector is not modified in this procedure. 

We come now to the discussion of the globally super symmetric case. The linear supermul- 
tiplet consists of an antisymmetric tensor, a real scalar and a Majorana spinor. In superfield 
language it is described by a superfield Lq, subject to the constraint^ 

D'^Lq = 0, D^Lo = 0. (1.18) 

Again, the subscript means that we do not include, for the moment, Chern-Simons forms. 
The linear superfield Lq contains the antisymmetric tensor only through its field strength hoimn- 
Indeed, the superfield Lq is the supersymmetric analogue of /loimn (it describes the multiplet 



of field strengths) and the constraints ( 1.1^ ) are the supersymmetric version of the Bianchi 



identities. The particular form of these constraints implies that terms quadratic in 6 resp. in 9 
are irrelevant (they are not independent component fields), it is for this reason that Lq has been 
called a linear superfield p6| . 

Instead of writing down explicitly the power series expansion in 9, 9 of the superfields and 
to identify the component fields as the respective coefficient functions (keeping in mind the 



Vith the usual notations = D°'Da and = D^D°' 
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constraint equations!), we shall use here suitable projections to lowest superfield components for 
the identification of component fields. This is reminiscent of the geometric superspace description 
and convenient for keeping track of constraints and deriving supersymmetry transformations (in 
particular later on in the case of local supersymmetry i.e. coupling to supergravity). 

To begin with we identify the real scalar L{x) of the linear multiplet as the lowest component 

Lo\g=0=o = Loix). (1.19) 

The spinor derivatives of superfields are again superfields and we define the Weyl components 
(Ao,(x), A"(x)) of the Majorana spinor of the linear multiplet as 

D„Lole=e-=o = Aa(x), L»"Lo|e=e-=o = A'^(x). (1.20) 
The antisymmetric tensor appears in Lq via its field strength identified as 

[Da, Da] Lolg^g^Q = —\(Jkaa£^^^^hQlmn, (1-21) 

thus completing the identification of the independent component fields contained in Lq. The 
canonical supersymmetric kinetic action for the linear multiplet is then given by the square of 
the linear superfield integrated over superspace. In more explicit terms and in the language of 
projections to lowest superfield components it is obtained from 

C = (d^D^ + D^D^) (Lo)'le=e-=o- (1-22) 

Evaluated in terms of component fields, it reads simply 

C = i/i^/io^m-^5™Loa„Lo-§<^(A"9„A" + A"9„A°), (1.23) 

generalizing the purely bosonic action ( |1.5| ) given above and showing that there is no auxiliary 
field in the linear multiplet. 



We proceed now to introduce Chern-Simons forms in the supersymmetric case, in other 
words to construct the supersymmetric version of (^]^). As a prerequisite we recall first some 
basic properties of the Yang- Mills gauge multiplet. It consists of the gauge potentials am{x), 
the gauginos A(x), A(x), which are Majorana spinors and the auxiliary scalars D{x). All of these 
component fields are Lie-algebra valued. They are identified in the gaugino superfields W", Wq, 
which are Lie-algebra valued as well, subject to the chirality conditions 

VaW = 0, V^Wa = 0, (1.24) 

and to the additional constraints 

VWa = VaW^. (1.25) 
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The spinor derivatives occuring here are defined to be covariant with respect to Yang-Mills 
transformations. Again, these constraint equations have a geometric interpretation as Bianchi 
identities in superspace. 

To be more precise, the gaugino component fields are defined as the lowest components of 
the gaugino superfields themselves, 

Wa|e=e-=o = -^A,, y^X=-e=^ = iX", (1-26) 

whereas the usual Yang-Mills field strengths fmn and the auxiliary fields D{x) occur at the linear 
level in the superfield expansion, : 

V^Wa\e=e=o = -ii^^'^lpafn^n + e^.Dix). (1.27) 

We come now to the supersymmetric description of the corresponding Chern-Simons forms, 
that is the supersymmetric extension of ( |1.7D . As discussed in detail in appendix A, it is 
described in terms of the Chern-Simons superfield fi, which has the properties 

ti{W"Wa) = iD'^n, (1.28) 
tr(Wc,W") = iD'^n, (1.29) 



in accordance with the constraint equations ( 1.24| ) and ( |1.25| ): the appearance of the differential 



operators and is due to the chirality constraint whereas the additional constraint ( 1.25| ) 



is responsible for the fact that one and the same superfield appears in both equations. The 



component field Chern-Simons form (1^) is then identified in the lowest superfield component 



[Da, Da\Q\Q_Q_Q — — jCrfcQQ, e'^'™'"(5imn ~ 4 tr(AoAa), (1.30) 

with Qimn given in eq. (|L^. 

Since the terms on the left-hand sides in ( 1.28^ and ( 1.29| ) are gauge invariant, it is clear that a 



gauge transformation adds a linear superfield to Vt (the explicit construction is given in appendix 
A). As a consequence, and in analogy with the non-supersymmetric case discussed before, the 
linear superfield Lq can be assigned Yang-Mills transformations such that the combination 

L = Lo + kn, (1.31) 

is gauge invariant. However, this superfield L satisfies now the modified linearity conditions 

D^L = 2kti{WWa), (1.32) 
D^L = 2kti{WaW^), (1.33) 
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Again, these equations together with 

[D^,D^]L = -yaaae''''^H,,a-4.ktv{WaWa), (1-34) 

have an interpretation as Bianchi identities in superspace geometry. The last one shows how the 
usual field strength of the antisymmetric tensor together with the component field Chern-Simons 
form appears in the superfield expansion of L: 

[Da,D^]L\,^^^Q = akaas'"'"''' {d^b^i + - 4A;tr(W„W^). (1.35) 

The invariant action for this supersymmetric system is given as the lowest component of the 
superfield 

C = -^(d^D"^ + D^D^) L'^ - ^Dhi{W^) - ^DhiiW^). (1.36) 



32 \^ I J 16 V / 16 

This action describes the supersymmetric version of the purely bosonic action (|1.9[ ). Its explicit 
component field gestalt will be displayed and commented on in a short while. 

As is well known |^8|, the notion of duality as described above in the non-super symmetric 
case, can be extended to supersymmetric theories as well. This is most conveniently done in the 



language of superfields. The supersymmetric version of the first order action (1.11) is given as 

C = -^(^D^D^ + D^D^^ (^X^ + V2{X -kn){S + S)) -^DhTiW^)-^Dhi{W'^). (1.37) 

Here, X is a real but otherwise unconstrained superfield, whereas S and S are chiral, 

DaS = 0, D"S = 0. (1.38) 

Of course, the chiral multiplets are going to play the part of the scalar field 0(2;) in the previous 
non-supersymmetric discussion. 

Varying the first order action with respect to the superfield S, or, more correctly with respect 
to its unconstrained prepotential S, defined as S" = D^T,, the solution of the chirality constraint, 
shows immediately (upon integration by parts using spinor derivatives) that the superfield X 
must satisfy the modified linearity condition. It is therefore identified with L and we recover 
the action ( 1.36| ) above. 



On the other hand, varying the first order action (1.37) with respect to X yields the superfield 
equation of motion 

X = -j=^{S + S). (1.39) 

Substituting for X in ( |1.37| ) and neglecting terms S'^ and S'^ which are trivial upon superspace 
integration, we arrive at 

£ = ^ (^2^)2 + D^D^) (^SS + kV2n{S + 5)) - ^DhiiW^) - ^Dhv{W^). (1.40) 



11 



It is already obvious to recognize the usual superfield kinetic term for the chiral multiplet and 
the Yang- Mills kinetic terms, it remains to have a closer look at the terms containing the Chern- 
Simons superfield. Taking into account the chirality properties for S and S and the derivative 



relations ( 1.28 ) and ( 1.29 ) for the Chern-Simons superfields we obtain 



£ = 4 (d^D^ + D^D^) SS - ^Dhr{W^) - ^Dhr{W^) 



This action is now the supersymmetric version of the action (1.17). 



(1.41) 



We display now the component field expresssions for the two dual versions ( |1.36 ) and ( 1.4l| ) 
of the supersymmetric construction. In the antisymmetric tensor version, the complete invariant 



component field action deriving from (1.36) is given as 

+(1 + 2kL) tr [-ir'^fmn - i<a (a"P^A" + rP^A") + D 
-kh^ tr(Aa„A) - A a'"" tr(A/„„) - A; A a"*" tr(A/„„) 
-^(1 + 2kL)-^ (a^ trA^ + A^ trA^ - 2Af7"A tr(ACT™A 
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(trA^ trA^ _ tr(Aa™A) tr(Aa^A)) . 
This is the supersymmetric version of ( |1.9| ). The redefined auxiliary field 

D = D + j^{AX-A\), 



(1.42) 



(1.43) 



has trivial equation of motion. 

On the other hand, in order to display the component field Lagrangian in the chiral superfield 
version, we recall the definition of the component field content of the chiral superfields 



=9=0 



5(x) 



I)a5|,=,-=0 = ^Xaix), D^S\ 



e=e=o 



and 



S\e=e= 



Six), D^s\s=s=o = ^ri 



-4F(x), (1.44) 



-4F(x). (1.45) 



The component field action in the dual formulation, derived from the superfield action ( 1.41| ) 
takes then the form 



C = -d^SdmS-^aZ{x''dmr + rdmX'')+FF 
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+ (l - kV2{S + S)) tr - fa™ (a"P„A" + rp^A") + D 

-J^{S-S) [e''™"tr(Az/„„) + 4a„tr(Aa™A) 



+k xfi"*" tr(A/„„) + A; x^'"" tr(A/™„) - ^ trA^ trP 



1 - A;^/2 (5 + 5)) fx' trA^ + trA^ - 2(xct'"x) tr(Aa„A)) . 



(1.46) 



This is the super symmetric version of (1.17). Again, we have introduced the diagonahzed com- 
binations for the auxihary fields 



F 



F+^trP, 



and 



D 



D 



ik 



(XA-XA). 



(1.47) 
(1.48) 



The two super symmetric actions ( 1.42| ) and (1.46) are dual to each other, in the precise 
sense of the construction performed above. In both cases the presence of the Chern-Simons 
form induces /c-dependent effective couplings, in particular quadrilinear spinor couplings. Also, 
one recognizes easily the axion term in the second version already encountered in the purely 
bosonic case discussed before. 

A striking difference to the non-super symmetric case, however, is the appearance of a k- 
dependent gauge coupling function, multiplying the Yang-Mills kinetic terms. This shows that 
supersymmetrization of ( |1.9| ) and ( 1.17 ) results not only in supplementary fermionic terms, but 



induces also genuinely new purely bosonic terms. 



1.3 3- form multiplet 

Before turning to supergravity and to our main subject, gravitational Chern-Simons forms, 
let us close this introduction with some remarks on the 3-form gauge super multiplet. This is, 
besides the chiral and linear multiplet, yet another supermultiplet describing helicity (0,1/2). 
It consists of a three-index antisymmetric gauge potential Cimni^)-, a complex scalar T(x), a 
Majorana spinor with Weyl components ria{x), r]'^{x) and a real scalar auxiliary field H{x). In 



superfield language [40| it is described by a chiral superfield 

D'^T = 0, Daf = 0, (1.49) 
which is subject to the additional constraint 

D^T-D^T = ^e'^^^^^kimn, (1.50) 
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with 

the field strength tensor of the three-index gauge potential superfield. It is invariant under the 
transformation 

+ dlimn + dmS,nl + ^nC/m, (1.52) 

where the gauge parameter ^mn = — Cnm is a 2-form. 

An explicit realization of this multiplet structure is provided by the composite superfield 
tr(>V^) and its complex conjug ate tr(W2). As the gaugino superfield appearing here is chiral 
(|1.24D , these composites are chiral, resp. antichiral as well, 

D"tr(>V^) = 0, Do,t^{W'^) = 0. (1.53) 

On the other hand the gaugino superfields are subject to an additional constraint ( |1.25| ), which 
translates into an additional equation for the composites as well, namely 

dM^^^)-DM^^) = ie^"^''Hfkifmn), (1.54) 
where the topological density 

£'^'""tr(/H/™„) = -le^'^^'^dkQimn, (1.55) 

plays now the role of the field-strength and the Chern-Simons form (which, under Yang-Mills 
transformations changes indeed by the derivative of a 2-form) the role of the 3-form gauge 
potential. In other words, supersymmetric Chern-Simons forms fit perfectly in the framework of 
the 3-form multiplet. It is this analogy which will be exploited in this paper for the description 
of supersymmetric Chern-Simons forms, in particular in the gravitational case. 



2 The basic superspace structures 



2.1 Outline 

The purpose of this paper is to discuss the properties of locally supersymmetric theories 
which contain gravitational Chern-Simons forms coupled via the fieldstrengths of antisymmetric 
tensor gauge fields to the standard supergravity-matter system. 

So far, in spite of a number of efforts, no satisfactory answer has been given to this problem. 
This is, in part, due to the formidable technical complexity of such a theory. Not only does 
one have to understand the structure of the multiplets involved, but one should also be able to 
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identify the component fields and to derive the complete structure of their supersymmetry trans- 
formation laws, not to forget the construction of invariant actions describing supersymmetric 
dynamics. 

In order to cope with the technical complexities, we propose to employ methods of superspace 
geometry. One of the advantages in using this approach is that a great deal of the investigations 
can be carried out at a purely geometrical level. This is in particular true for the structure of 
the supersymmetry transformations, but also for issues like Kahler transformations which arise 
as a consequence of supersymmetry in supergravity-matter coupling. 

Moreover, when it comes to supersymmetric dynamics, superspace provides methods to de- 
termine invariant actions and to discuss their properties in a concise way. Finally, component 
field results, in particular complete supersymmetric component field actions with all their em- 
barrassing wealth of couplings can be derived. 

We begin, in subsection 2.2, with the description of the superspace structure relevant for the 
supergravity-matter system, namely the general coupling of chiral superfields to supergravity and 
supersymmetric Yang-Mills theory. In this formulation the Kahler structure is properly taken 
into account ab initio: Kahler transformations appear in the structure group of superspace as 
field dependent chiral transformations. This kind of superspace geometry is called C/k(1) 

superspace. 

Moreover, the kinetic terms for the supersymmetric sigma-model appear through a D-term 
construction for a superfield Kahler potential, with chiral superfields taking the role of the 
complex coordinates. 

In subsection 2.3 we present a short reminder of the generic method for constructing actions, 
invariant at the same time with respect to supersymmetry and Uk{^) transformations. 

This then provides the geometrical background for the description of the linear multiplet 
and of the various types of Chern-Simons forms. The bare linear multiplet (i.e. in the absence 
of Chern-Simons forms) arises from the superspace geometry of the 2-form gauge potential. In 
subsection 2.4 this superspace geometry will be presented in Uk{^) superspace, featuring the 
corresponding linearity conditions. 

In subsection 2.5 wc first display the salient properties of supersymmetric Yang-Mills theory 
in superspace, in particular the corresponding Chern-Simons forms. In combination with 

the linear superfield geometry this gives then rise to the coupling of Chern-Simons form and 
antisymmetric tensor gauge field, summarized, at the superfield level, in terms of the so-called 
modified linearity conditions. In the course of this construction we also point out the close 
relation between Chern-Simons forms and the superspace geometry of a 3-form gauge potential. 
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2.2 Uk{1) superspace 



Supergravity is a generalization of general relativity. Since supersymmetry, by definition, 
brings in fermionic degrees of freedom, the relevant formulation of Einstein gravity is in terms of 
vierbein field (local Lorentz frames) and spin connection. As is well known, the supersymmetric 
extension consists then in adding the Rarita-Schwinger field as the supersymmetry partner of the 
vierbein together with certain auxiliary (usually non-propagating) fields which serve to establish 
an off-shell realization of the local supersymmetry algebra. 

Supergravity may be viewed as the gauged theory of supersymmetry: the anticommuting 
parameters of supersymmetry transformations become space-time dependent and it is the Rarita- 
Schwinger field, which, under supersymmetry transformations, acquires an inhomogeneous term 
proportional to the (covariant) space-time derivative of the local supersymmetry parameter. 

In superspace one generalizes the notions of local frame and spin connection in extending 
them to the anticommuting directions of superspace equipped with a full-fledged graded differ- 
ential geometry. 

In some more detail, the usual frame, viewed as a differential form over space-time, 

e" = dx^'em'^ix), (2.1) 

is extended to a differential form over superspace, 

= dz^EM^iz), (2.2) 

where transition from lower case to upper case indices signifies the passage from ordinary to 
superspace geometry, based on coordinates z^ = {x'^,0^^,6^). Accordingly, 

E"^ = {E'',E'^,Ea) , (2.3) 

has vectorial and spinor indices, the latter in Wcyl-spinor notation. In this general set-up the 
usual vierbein and Rarita-Schwinger fields are identified as lowest superfield components, i.e. 

em«(x) = £^^"(^,0,0) = Em% (2.4) 

and 

^^Pm''ix) = Em^^l, k^maix) = Emal (2.5) 

The symmetries in this superspace description are general supercoordinate transformations, 
unifying the usual general coordinate transformations and the local supersymmetry transforma- 
tions in their vector and spinor parts, respectively, and local Lorentz transformations, in turn 
acting through vector and spinor representations on E"' and E'^,Ea- 
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As to the first, covariance is achieved through the use of differential form and inverse frame 
language in superspace, whereas covariance with respect to local Lorentz transformations is 
ensured by covariant derivatives using the spin connection. 

These are the symmetries of pure supergravity. If one wants to include supersymmetric 
matter, described in terms of chiral superfields and their complex conjugates, a new additional 
geometric structure shows up: the chiral matter superfields in the general supergravity-matter 
system are coordinates of a superfield Kdhler manifold. This property arises from the requirement 
of supersymmetry of the dynamical theory, as pointed out by Zumino already for the supersym- 
metric sigma model without supergravity. When coupled to supergravity the sigma model action 
was recognized to be Kahler invariant provided the spinor fields (including those of supersym- 
metric Yang-Mills theory) transform under well-prescribed chiral phase transformations whose 
parameters are given as the imaginary part of the field dependent Kahler transformations. 

It is precisely the Kahler superspace formulation which clarifies this situation. In particular 
it puts the structure of the chiral Kahler transformations on a sound geometrical basis, without 
reference to the dynamical construction. The key mechanism of this formulation is to include 
the chiral Kahler phase transformations into the structure group of superspace, on the same 
footing as the local Lorentz transformations. 

The Kahler potential appears then quite naturally as a prepotential for these chiral trans- 
formations. Moreover, its D-term provides an action invariant at the same time (and for the 
same reasons) under supersymmetry and under (superfield) Kahler transformations. 

This formulation of the supergravity /matter /Yang-Mills system is presented in full detail in 
Q. At present, in this section we will consider a generic chiral Uxi^) and identify its prepotential 
K with the Kahler potential only afterwards. More generally, as explained in ||5|, |3^, it 
may be allowed to depend on linear superfields as well, in which case we will refer to it as kinetic 
prepotential. 

Coming back to the basic object of the superspace formulation, namely the frame in 
superspace, this means that in addition to the aforementioned general supercoordinate and 
Lorentz transformations we assign chiral transformations (in terms of a chiral superfield F and 
its complex conjugate) such that 

E^ ^ E^ eicp\-^w{E^) IuiF], (2.6) 

with chiral weights w{E^) defined as 

wiE") = 0, u;(S") = 1, w{Ea) = -1. (2.7) 

^ Given the explicit form of these chiral transformations, the issue of gauged i?-transformation comes immedi- 
ately to ones mind. 
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In view of all this, superspace torsion is defined as 

= dE^ + E^(f)B^ + w{E^)E^A, (2.8) 

that is, just the covariant exterior derivative of the frame in superspace. The first two terms on 
the right are standard, in particular, the spin connection is a one form in superspace, 

cl>B^ = dz^4>MB%), (2.9) 

taking values in the Lie-algebra of the Lorentz group such that its spinor components are given 
in terms of the vector ones as 

^ _l(^6a)^"<^^^^ ^/j. ^ _l(^6a)/j.^^^_ (2.10) 

The abelian gauge potential 

A = dz^AMiz), (2.11) 
is new: it serves to covariantize the chiral Uk{^) transformations, 

A ^ A+^dlmF. (2.12) 

We do not intend here to give a complete and detailed review of this geometrical structure. 
For this we refer to our earlier work. Here we try to concentrate on the crucial points which will 
be of relevance later on in the discussion of the structure of linear superfield geometry and of 
Chern-Simons forms in superspace. Recall nevertheless the definitions of the fieldstrengths 

Rb^ = d(l>B^ + (l>B^^c^, (2.13) 
F = dA. (2.14) 

Torsion, curvature and Uk{^) fieldstrength are 2-forms in superspace, their expansion in the 
covariant frame basis being defined as 

= \E^E'^Tcb^, (2.15) 
Rb^ = Ie^E^Rdcb^, (2.16) 
F = \E^E^Fdc- (2.17) 

Recall that superspace torsion is subject to covariant constraints which imply that all the 
coefficients of torsion, curvature and Uk{^) fieldstrength are given in terms of the few covariant 
supergravity superfields 



R, Rl Ga, W^f,,, W.^^, (2.18) 
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and their covariant derivatives. As all these basic superfields are identified in the torsion coeffi- 
cients, with chiral weights 

wiTcB"^) = w{E^)-w{E^)-w{E^), (2.19) 

their chiral weights are fixed to be 

w{R) = 2, w{R^) = -2, w{Ga) = 0, 

w{W^0.) = 1, "^(^^/3d) = -1- (2-20) 

To be more explicit, the nonvanishing components of superspace torsion are 

r/" = -2i(a'^e)^^, (2.21) 
T^ba = -i(Jh^aR\ T^h°' = -ia'l^'R, (2.22) 

T^b" = §(0'c^b)7"G"^, T'^ba = -^(^cl^bV a^'^-, (2.23) 

and Tcb' and Tcha-, the covariant Rarita-Schwinger fieldstrength superfields. The superfields 
and W^^^ are called Weyl spinor superfields, because they occur in the decomposition of 

these Rarita-Schwinger superfields in very much the same way as the usual Weyl tensor occurs in 
the decomposition of the covariant curvature tensor. For a detailed account of basic superspace 



geometry see ||Tl|| , 



Consistency of the superspace Bianchi identities with the special form of the torsion compo- 
nents displayed so far implies the chirality conditions: 

Pa^"^ = 0, Vo,R = 0, (2.24) 

V^W.^^ = 0, V^W^f^^ = 0. (2.25) 

Leaving aside, for the moment, the description of the explicit form of the curvatures we turn 
to the fieldstrengths of the chiral Uk{^) sector, which are described in terms of the superfields 
Xa and X", defined as spinor derivatives of the basic superfields i?, R^ and Ga as follows: 

Xc, = VaR-V^Gaa, (2.26) 

X" = V^R^ + VaG'"^. (2.27) 
Again, consistency with the Bianchi identities implies chirality, i.e. 

VaX^ = 0, VXa = 0, (2.28) 

as well as the condition 

V'^Xc.-VaX'^ = 0. (2.29) 
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As mentioned earlier, the coefficients of the UkI^) gauge potential A, 

A = E^Aa = E"-Aa + E"'Aa + EaA'^, 



(2.30) 



are given in terms of the J7i^(l) prepotential superfield K as 

Aa = +\E^^dMK (2.31) 
= -\E^^dMK (2.32) 

Aaa ~ ^Gaa = ^(^a^d + ^a^o;)- (2.33) 

In the last equation the Gaa term appears due to the special choice = —SGaa of 
conventional constraint for the C/k(1) fieldstrength. Using this explicit form of A yields then 

Xa = -1[V^ - 8R)VaK, (2.34) 

X" = -l(v^ -SR'^^V'^K. (2.35) 

As a consequence one has then 

= Pa^", (2.36) 

for the D-term pertaining to the C/^k(1) factor. As long as K is an independent superfield, the 
lowest component of the superfield V^Xq, is an independent component, as usually in supersym- 
metric gauge theory. On the other hand if one allows to be a function of chiral and linear 
superfields, this D-term yields the corresponding kinetic terms after successive applications of 
the spinorial covariant derivatives to K and due to the chirality and linearity conditions. 

The superfield V^X^ is related to the basic supergravity superfields such that 

V^R + V^R'f = -§7^- I + 4 + 32 i^ti?, (2.37) 

where TZ is the curvature scalar (see appendix B for notational details). This relation is at the 
heart of the construction of the supersymmetric component field action, as will become clear in 
the following subsection. On the other hand, the orthogonal combination 

V^R + V^R^ = AiVaG", (2.38) 

has an intriguing resemblance to the 3-form superspace, as reviewed in appendix A. 



2.3 Construction of generic invariant actions 

An important topic which can already be addressed here is the question of constructing 
actions invariant under supersymmetry transformations. As in the geometrical formulation 
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outlined so far, supersymmetry transformations occur in the general supercoordinate transfor- 
mations, the method of constructing invariant actions proceeds along the same lines as in usual 
general relativity, namely with the help of invariant densities. In general relativity the basic 
object is the determinant e{x) of the vierbein field em"'{x). It was pointed out by Wess and 
Zumino that in supergravity this should be generalized to the superdeterminant E{x,6,9) of 
Em^{x, 0, 0), the frame in superspace, as introduced above, together with the the usual concept 
of superspace integration. 

It is not hard to see that the construction of Wess and Zumino, originally performed in 
traditional superspace, holds in Uxi^) superspace as well. This is due to the fact that the geo- 
metric framework concerning general superspace coordinate transformations remains the same 
in Uk{^) superspace, what changes is the structure group - but the determinant of the frame is 
invariant under the new chiral phase transformations. 

Already in the original formulation it is quite intriguing that the complete action for super- 
gravity is given by the superspace volume element 

d'^xd^OE. 



Even more amazing, when matter fields are included through Uk{^) superspace, this action 
describes the kinetic terms for the complete supergravity-matter system, the differences to the 
previous case arising of course from the different geometric structures to be taken into account 
in evaluating the corresponding component field expressions. In this sense one might speak of 
a unified description of gravity and matter fields, the complete action arising from one single 
distinguished geometrical object - the Uk{'^) superspace volume element. 

In both cases the component field Lagrangians deduced from these superspace expressions 
contain the Einstein curvature scalar term 

with the usual canonical normalization. The use of Uk{^) superspace avoids the cumbersome 
component field rescalings of the original constructions of Cremmer et. al.. 

In the construction of the supersymmetric superpotential term or the kinetic action for su- 
persymmetric Yang-Mills theory one employs the so-called chiral volume elements of superspace, 

ci^^^r ~ jd^eSr, and / '^^^ ^ ~ jd^9£r, 

where R and R^ are the chiral supergravity superfields appearing in the torsion as explained 
above and r and f are generic chiral superfields of weights w{r) = +2 and w{f) = —2, re- 
spectively, which should be specified according to the kind of invariant action one intends to 
construct. Observe that in particular the choice r = R gives back the kinetic supergravity 
actions discussed above. 
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In other words, this chiral density construction is the generahzation to local super symmetry 
of what is called the F-term construction in rigid supersymmetry, applied to the generic chiral 
superfield r. The explicit algorithm consists then simply in writing out the superymmetric 
completion of the component field expression of the F-term P^r| according to 

J^gen = -|e (p^ _ 24i?t) r| + ie(V;m^™)"Par| - e(Vim^"^"V^„)r| + h.c. . (2.39) 

Here, the lowest components of the supergravity superfields R and are defined as 

R\ = -lM{x), R^\ = -gM(x). (2.40) 

Hence, in this prescription for the construction of a supersymmetric component field action one 
has to choose appropriately some chiral superfield r with w{r) = 2, work out the projections to 
component fields of r, P^r and V^r and substitute in the equation for jCgen- The supergravity- 
matter action (with properly normalized curvature scalar term) is then obtained in taking the 
superfields R and R^, thus justifying the remark at the end of the previous subsection, whereas 
the Yang-Mills action is obtained from the superfield VV"VVa and its complex conjugate. 



2.4 Linear multiplet geometry and supergravity 

The linear multiplet has a geometrical interpretation as a 2-form gauge potential in super- 
space geometry. Since we wish to construct theories where the linear multiplet is coupled to the 
supcrgravity-mattcr system, we will formulate this 2-form geometry in the background of Uk{^) 
superspace. The basic object is the 2-form gauge potential defined as 

B = \dz^dz^ Bnm- 

It is subject to gauge transformations of parameters ^ = dz^^M which are themselves one forms 
in superspace: 

B ^ B + d^, 

or, in more detail, 

Bnm ^ Bnm + On^i - {-f''^''^^'^dM^N. 
The invariant fieldstrength is a 3-form, defined as 

H = dB. 

As a 3-form in superspace, H is given as 

TT rnA TTlB TpC TT 
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with E the frame of Uk{^) superspace. As a consequence oi dd = one obtains the Bianchi 
identities 

dH = 0. 

Fully developed this reads 

^E^E'^E^E^ (aVdHcba + GTdc^Hfba) = 0. (2.41) 

The linear superfield is recovered from this general structure in imposing covariant constraints 
on the ficldstrcngth coefficients Hq ba , a rather common procedure in the superspace formulation 
of super symmetric theories. The constraints to be chosen here are 

H^^ = 0, H^pa = 0, H.^^ = 0, (2.42) 

where as usual underlined indices serve to denote both dotted and undotted ones, a = (a, a). 
The consequences of these constraints on the other coefficients are obtained either by explicitly 
solving the constraints in terms of (unconstrained) prepotentials or else by working through the 
covariant Bianchi identities. As a result one finds that all the fieldstrength components of the 
2-form are expressed in terms of one superfield L which is identified in 

= -2i{abe)/ L. (2.43) 

Furthermore one obtains 

H^ba = 2((76„)/P^L, (2.44) 

H\a = '^iPba)\VH. (2.45) 

Compatibility of the constraints imposed above with the structure of the Bianchi identities 
then implies the linearity conditions 

{V'^-SR^L = 0, (2.46) 
{v'^-m^^L = 0, (2.47) 

for a linear superfield in interaction with the supergravity-matter system. Finally, the vector 
component -ffcbo appears at the level 

([P„, -Da] - ^<aGa) L = -^adaa s'^^'H^ba- (2.48) 

In terms of component fields this means that H^ba is identified in the 99 component (in the 
language where superfield expansion is defined through successive application of covariant spinor 
derivatives) . 
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Let us close this subsection with a few remarks concerning the definition of the component 
fields of the linear multiplet as obtained from this superspace formulation, in particular the 
identification of the antisymmetric tensor gauge potential: 

B\\ = b = \dx'^dx'^bnm{x). (2.49) 

The so-called double bar construction used here, projects at the same time superspace dif- 
ferentials on their purely vector parts, dz^'^ i— > dx™, and the corresponding superfield coefficients 
on their lowest superfield components at 6 = 9 = For the covariant fieldstrength, this gives : 

H\\ = h = db = ^dx^dx'^dx^'hnniu (2.50) 

or 

hnml = dnhml + dmhn + dibnm- (2.51) 

We also shall frequently make use of the dual, defined as 

h'' = ^e^^"^"'himn = ^^''^"^"'dibmn- (2.52) 

On the other hand, if the double bar projection is applied to the expansion of H in terms of 
the covariant frame, as given above, we have to use the projection 

^'^11= e^ix) = dx^^em^ix), (2.53) 

for the vector part and 

E'^W = e°(x) = idx™Vm"(x), Eo^W = eaix) = Idx^'iPmaix), (2.54) 
for the spinor ones. Using then the decomposition 

H\\ = Jye'eVi/cbal + ^eVe^/J^b,! + ie^e^e^/?^ 6,1 + e-^e^e^i/^J, (2.55) 
one derives in a straightforward way the expression 

1 dcba TT I klninf) u 

3^da(it J^cba] "fcocft '^n^ml 

+iL afc„«e'=^'""(^„c7^V50 + 2iL a^^o. {^ma"'''^ - V^m^^'A) , (2.56) 
where we have used the definitions 

L\ = L{x), (2.57) 

and 

DaL\ = A«(x), L>"L| = A"(x). (2.58) 

This short excursion was made to show how the superspace construction provides in a rather 
straightforward and compact way the basic building blocks which will be used later on in the 
evaluation of supersymmetry invariant actions. In the example worked out here the supercovari- 
ant component fieldstrength .ffcfeal exhibits terms linear and quadratic in the Rarita-Schwinger 
field when coupled to supergravity. 
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2.5 Super Chern-Simons forms: the Yang-Mills case 



We define the Yang-Mills gauge potential as a Lie algebra valued one-form in the background 
of Uxi^) superspace, i.e. 

A = E^A'^^h^r) = (2.59) 

Latin indices in parentheses are used here to denote the basis of the Lie algebra, the commutation 
relations of the generators T(^r) being defined as 



ic(,)(,)Wr(t). (2.60) 



Gauge transformations are parametrized by group elements g in the usual way except that now 
the parameters of the gauge transformations are promoted from real functions to real superfields. 

A ^ '^A = g-^Ag - g-^dg. (2.61) 

The covariant fieldstrength 

J" = dA + AA, (2.62) 

is a 2-form in superspace defined as 

= ^E'^E^J^BA, (2.63) 

with coefficients 

J'ba = VbAa - {-T^'VaAb - {Ab. Aa) + Tba^Ac- (2.64) 

Note the appearance of the supergravity torsion terms. The derivatives occuring here covari- 
antize Lorentz and [/ir(l) transformations, following the usual prescriptions, with chiral weights 
w{Aa) = —w{E^). We use the notation 

{Ab,Aa) = AbAa AaAb, (2.65) 
for the graded commutation relations. Of course, the fieldstrength is Lie algebra valued as well, 

jr = .F('')r(^), (2.66) 
and it is sometimes useful to display it in the form 

-p{r) ^ d^M + i^(p)^(9)c(p)(^)W. (2.67) 

Based on these definitions one can then go ahead with the construction of the superspace 
analogue of Chern-Simons forms [jl8[ . In the present context we restrict ourselves to the case of 



the Chern-Simons 3- form. Following the notation of |42] we define 



Q*^-^) = tv(AdA+^AAA) , (2.68) 
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which, as a 3-form in superspace, has the decomposition 

Q(^^^ = ^z^^dz^dz^QZ-^l, = ^E^E^E^Q'-^^l (2.69) 

Clearly, the exterior derivative of this superspace Chern-Simons form yields the fieldstrength 
squared term 

dQ(yM) = tr(J^J^). (2.70) 

The coupling to the antisymmetric tensor multiplet is then obtained by incorporating this 
Chern-Simons forms in the fieldstrength of 2-form gauge potential as follows: 

H(yM) ^ dB + kQ'-y^K (2.71) 

The superscript (yM) indicates the presence of the Chern-Simons form in the definition of the 
fieldstrength. Since the Chern-Simons 3-form changes under gauge transformations of 

the Yang-Mills connection A with the exterior derivative of a 2-form, 

Q(yM) ^ 9QiyM) ^ Q(yM) ^dA{g), (2.72) 

covariance of iJ^^^' can be achieved in assigning an inhomogeneous compensating gauge trans- 
formation 

B ^ = B- A{g), (2.73) 

to the 2-form gauge potential. Finally, the addition of the Chern-Simons forms gives rise to the 
modified Bianchi identities 

dH^yM) ^ ktr{J^J^). (2.74) 

We discuss now the restrictions on the covariant fieldstrengths and J^. As we have 

pointed out in the preceding subsection, the linear multiplet corresponds to a 2-form geometry 
with constraints on the fieldstrength. On the other hand it is well known that in supersymmetric 
Yang-Mills theory the fieldstrength is constrained as well. As a consequence, a question of 
compatibility arises when these two superspace structures are combined in the way we propose 
here. 

The answer to this question is that the coupling of Chern-Simons forms to the antisymmetric 
tensor multiplet is indeed consistent. The most immediate way to sec this is to investigate 
explicitly the structure of the modified Bianchi identities in the presence of the constraints. 

To this end let us first recall that supersymmetric Yang-Mills theory is defined by the co- 
variant constraints 

^'^^ = 0, = 0, J^/ = 0, (2.75) 

which can be understood as compatibility conditions for the covariant chirality constraints on 
the matter superfields and, the third one, as a covariant redefinition of the vector component 
Aa of the superspace Yang-Mills connection. 
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These constraints severely restrict the form of the remaining components of the Yang-Mills 
fieldstrength, as can be seen from their explicit solution or by a simple analysis of the Bianchi 
identities. In any case one finds 

= +^(c7„e)/H^, (2.76) 
= -iiaaeff.Wf', (2.77) 
Ha = hi^abaf'^'DaWp + Uabaef'^VaW^. (2.78) 

All the superspace fieldstrength components are given in terms of the covariant Yang-Mills 
superfields 

yyd ^ yv;W«r(^^^ >v^ = ^i^'^T^r), (2-79) 
which, with respect to Uk{'^) superspace, have chiral weights 

w{W'^) = -1, w{Wa) = +1. (2.80) 
Moreover, as a consequence of the constraints the Bianchi identities boil down to the equations 



VaW"^ = 0, 

We also define the D-term superfield D^'') as 



V^Wa = 0, (2.81) 

(2.82) 



dW = -ip">vM^ (2.83) 
which, by construction, has vanishing chiral weight, 

«;(D«) = 0. (2.84) 

Observe that in solving the Yang-Mills Bianchi identities the complete structure of Uk{^) 
superspace as presented earlier has been taken into account. Derivatives are covariant with 
respect to Lorentz, chiral C/k(1) and Yang-Mills gauge transformations. 

We now turn back to the modified Bianchi identities for the fieldstrength of the 2-form 
gauge potential in the presence of Yang-Mills Chern-Simons forms. Assuming for H^'^^'' the 
same constraints as in the preceding subsection for H on the one hand and taking into account 
the special properties arising from the Yang-Mills constraints in the fieldstrength squared terms 
on the other hand one arrives, after some algebra, at the result that the general modified Bianchi 
identities are simply replaced by the modified linearity conditions 

(p2_8ii:t^i^(yM) ^ 2A;tr (VV^iVV") , (2.85) 

{V'^ -SE}jL^^^^ = 2ktr{WWa), (2.86) 
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written in Uxi^) superspace, together with the relation 

{[V^,V^] - Aal^Ga) L'^^' = -ladaaE^'^^H^a,^' - Aki, , (2.87) 

which identifies the fieldstrength tensor H^^^^ in the superfield expansion of 

j^iyM) ^ L + kn^^^\ (2.88) 

The Chern-Simons superfield O'-^-^' will be discussed in detail shortly. The compatibility of 
the two superspace structures involved in this construction has an explanation in the language 
of the superspace geometry of the so-called 3-form gauge potential. To see this in some more 
detail, we denote 

j^(yM) ^ tr(.F.F), (2.89) 
the fieldstrength squared term. From the explicit decomposition 

^iyM) ^ ^e^E^E^E^J:^^^^dcba = ^E^E^E^E^QFdc^Fba. (2.90) 
and from the constraints on T it is immediate to deduce that 

S'^^^^^aA = 0. (2.91) 

These are just the constraints which characterize the fieldstrength of the 3-form gauge potential. 

Let us therefore open here a parenthesis and digress shortly on the features of the corre- 
sponding superspace formulation. In the generic case we have a 3-form gauge potential with 
covariant fieldstrength S = dB^ subject to precisely this set of constraint^. In appendix A we 
point out in some detail how the explicit solution of these constraints can be described in terms 
of one single real scalar superfield Vt. This means that, up to pure gauge contributions, all the 
coefficients Bq^j^ of the 3-form gauge potential B^ are expressible in terms of the prepotential 

n. 

On the other hand, at the level of the covariant fieldstrengths, this implies restrictions on 
the other coefficients of S. As usual in constrained superspace geometry the explicit structure of 
the fieldstrength components may be obtained from the Bianchi identities, in this case = 0. 
It turns out that they are completely determined by superfields S and T subject to chirality 
conditions 

VaS = 0, = 0, (2.92) 

and appearing as follows in the coefficients of the 4-form fieldstrength: 

^S-fba = ^{(^ba^)5'y S, (2.93) 

T^\a = Whaef^T. (2.94) 

^in the generic case the superscript [vm] is omitted 
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As another consequence of the constraints one finds that 

^S\a = Ts'^'^cba, (2.95) 

where "^cba is totally antisymmetric in its three indices. But this means that it can be absorbed 
in a redefinition of the coefficient B^^^^ of 3-form gauge potential B^. This is easily deduced from 
the explicit expression 

^E'^E^E^E'^^dcba = ^E'^E^E^E'^ (aVdBIba + ^Tdc^bIba), (2-96) 

where for the fieldstrength coefficient we are interested in one has 

'^5^ ha = Ts'^^B^^^+ derivative and other torsion terms . (2.97) 

This shows that the modified 3-form gauge potential 

S^ba = ^cba - ^cba, (2-98) 

corresponds to the modified fieldstrength coefficient 

^s\a = 0. (2.99) 

Since this equation is obtained from a covariant and linear redefinition of the gauge potential, 
it is sometimes referred to as conventional constraint. 

Taking, from now on, into account this modification, the remaining coefficients, at canonical 
dimensions 3/2 and 2, i.e. ^Scba ^'^d S^cbai respectively, are given in terms of spinor derivatives 
of the basic superfields S and T. To be more precise, at dimension 3/2 one obtains 

^Scha = -jQ(^i^^dcbaV^ S, (2.100) 
S^c6a = +T^^''^^ SdcboDsT, (2.101) 

and the Bianchi identity at dimension two takes the simple form 

(p2 _ 24i?t^ T-(V'^- 24i?) S = f e'^'=^"S^c6a- (2.102) 

This equation should be understood as another condition which serves to further restrict 
the chiral superfields S and T, thus describing the supermultiplet of 3-form gauge potential in 
Uxi^) superspace. 

Correspondingly, from the explicit solution of the constraints one finds that S and T are given 
as the chiral projections of C/i<:(l) superspace geometry acting on one and the same prepotential 

n-. 

S = -4(v'^ - SR^^n, (2.103) 
T = -A(v'^-8Rjn. (2.104) 
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To discuss the relevance of this geometric structure for the discussion of super symmetric 
Chern-Simons forms, we come back to the exphcit expression of the superspace 4-form as field- 
strength squared term and interprete it as the fieldstrength of the 3-form gauge potential iden- 
tified in turn with the Chern-Simons 3-form, 

^(yM) ^ tr (J^J^) = dQ'-y^K (2.105) 

First of all, it is straightforward to convince oneself that in this case the previously generic 
superfields S and T are given as 

givM) ^ -8tr (yVaW'^) , T^^^) = -8ti{W^Wa). (2.106) 

On the other hand, the explicit solution of the constraints shows the existence of a so-called 
Chern-Simons superfield O, such that 

tr(w^>V<^) = i(l»2_8i?t)j^(J'Ai)^ (2.107) 

tr(>V">Va) = ^(V'^ - 8R)n^^^\ (2.108) 

By definition, the Chern-Simons superfield is given in terms of the (pre)potentials which 
define supersymmetric Yang-Mills theory. In order to present an explicit expression for Q^^^^ 
one has to take into account the solution of the constraints in terms of prepotentials. 

We have tried to make clear in this section that the superspace geometry of the 3-form gauge 
potential provides a generic framework for the discussion of Chern-Simons forms in superspace. 
Established in full detail for the Yang-Mills case, this property will be advantageously exploited 
in the more complicated gravitational case. 

3 Gravitational Chern-Simons forms in superspace 

3.1 Some general considerations 

We come now to the description of gravitational Chern-Simons forms. The discussion will 
proceed in two steps: in this present section we display the geometric structure in the framework 
of superspace geometry, whereas in the next section we will discuss a relatively simple example 
including gravitational Chern-Simons forms via the antisymmetric tensor coupling a la Green 
and Schwarz. 

In the geometrical description we will exploit what we have learned in the case of supersym- 
metric Yang-Mills theory. There, the geometric structure of Chern-Simons forms in superspace 
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is quite well understood and invariant actions for the antisymmetric tensor with Chern-Simons 
form in its fieldstrength, coupled to the general supergravity-matter system, can be obtained by 
means of the standard chiral density construction. 

It is natural to ask whether the techniques which work quite well in the Yang- Mills case can 
be generalized to include gravitational Chern-Simons forms. We will see in the following that 
this is indeed true to a large extent, although substantially more involved technically. But we 
shall also see that novel features on the conceptual level appear, in particular when it comes to 
the construction of supersymmetric dynamics. 

In order to cope with this new situation we shall investigate the structure of Chern-Simons 
forms in superspace in a more systematic way, based on the observation that the structure 
of Chern-Simons forms fits remarkably well into the superspace geometry of the 3-form gauge 
potential. 

As a starting point we take a number of 2-form gauge potentials numbered by I = 1, n 
and certain types of Chern-Simons forms with constant coupling^ kj^. The corresponding 
fieldstrengths are then defined as 

= (IB^ + kiQ^. (3.1) 

In practice we will include here Yang- Mills, gravitational (two chiralities) and Uxi^) Chern- 
Simons forms with A taking values 

A e {{+),{-) Al)AyM)}. (3.2) 

We denote the derivative of the Chern-Simons form 

dQ^ = (3.3) 

In more explicit terms 

^(yM) ^ tr(J^J^), = FF, (3.4) 

^(+) = Rp^Rj, = -R^ai?"^. (3.5) 

The Bianchi identity for the 2-form gauge field is then given as 

dH^ = ki^^. (3.6) 

This fixes our notations. The first, and crucial, nontrivial point in this approach is the observa- 
tion that \I'^ allows for the decomposition 

= T.^ + dM^, (3.7) 

such that 

^ One should distinguish carefully indices / counting linear superfields from indices A — a, a, a denoting 
superspace. 
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• the coefficients of the 3- form M^, as weh as those of the 4- form S^, are covariant expres- 
sions in terms of the corresponding fieldstrength, torsion and curvature superfields. 

• the tensorial structure of the coefficients of the 4-form corresponds exactly to that of 
the constraints in the 3-form geometry. 

Of course, this decomposition must be exphcitly estabhshed in every particular case. Before 
doing so we recall however a number of generic features valid in all cases. 

First of all, upon substitution into the Bianchi identity for , one arrives at 

dn^ = ki^^, (3.8) 

where we use the definition 

= H^-kiM^ = dB^ + ki{Q^ - M^). (3.9) 

It is in this form that the analogy with the 3-form gauge potential shows up. Defined as a 
differential 4-form in superspace, 

= ^E^E''e''E^J:^dcba, (3.10) 



is subject to Bianchi identities 



dS^ = 0. (3.11) 



We shall show below, that the coefficients of can be determined such that 

S^T^A = 0, (3.12) 

(where a = a,d and A = a,a,d). This is the tensorial structure of the constraints of the 3-form 
geometry. We can then exploit our knowledge of the supersymmetric 3-form gauge potential to 
gain more insight into the structure of curvature-squared terms without needing to know all the 
details of the explicit form of the decomposition (which may be rather complicated and which 
are given below). 

The Bianchi identities, given the property ( |3.12| ), determine the tensorial structure of the 
remaining fieldstrength components and give rise to certain relations involving covariant spinor 
derivatives. These general features of the 4-form E^ do not depend on the particular properties 
of the type of Chern-Simons forms under consideration. 

Let us briefly recall the outcome of the analysis of the Bianchi identities. The components 
of E^ are completely described in terms of two superfields and T^, appearing as follows in 
the tensor decomposition: 

^^S"/ ba = ^icrba<^)S'r S^, (3.13) 
^^'\a = U^baef^'T^. (3.14) 
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By a special choice of conventional constraints, it is possible to impose 

6a = 0. (3.15) 

As to the superfields and the Bianchi identities reduce to the chirality conditions 

VaS^ = 0, V"T^ = 0. (3.16) 
The remaining components at higher (canonical) dimensions are then 

5 cfea = —J^Cr'^^^dcba'D^S^, (3-17) 

'^'^ ^ cba = +JgO-'^^^ £:dcbaT^5T^, (3.18) 

and, finally, 

S^dcfea = EdcbaS'^. (3.19) 

The boldscript scalar superfields appearing at this level are given as the second order spinor 
derivatives of the basic superfields: 

2iS^ = -^(V"^ -SR^^T^ + ^{V^ -8RjS^. (3.20) 

In conclusion, we have seen that all the coefficients of the superspace 4-form S'^, subject 
to the constraints (|3.12| ), are given in terms of the superfields and and their spinor 
derivatives. As to the analysis of the curvature-squared terms, this shows that it is sufficient to 
identify the superfields and T'^ in terms of the underlying geometry (Yang-Mills, supergravity 
or Uk{^)) for full knowledge of the corresponding superspace 4-form S^. 

This decomposition is particularly useful in the determination of the modified linearity con- 
ditions. To this end we observe first of all that the redefined fieldstrengths Ti^ are subject to 
the same constraints as before, i.e. without Chern-Simons forms: 

T~(-^jP_g_ = 0, T~i\i3a = 0, ^^7/3a = (3-21) 

In other words, whereas the redefined quantities Ti.^ have a very simple form, the original 
can be quite complicated |l^. The linear superfield is then identified in 



Furthermore, one still has 



n\^a = -2iiaa€)/ (3.22) 



Ti-^ba = 2(cJ6a)^'^P<^£-'^, (3.23) 

n'\, = 2{abaV.V^C}. (3.24) 
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The Bianchi identities boil then down to the modified Unearity conditions 

(v^-8R^)jC^ = -IS^, = kiS^, (3.25) 

(v'^-8r)jC^ = -|r^ = kiT^. (3.26) 

Note that we allow in general and to be linear combinations of terms pertaining to 
Yang- Mills, gravitational or Uxi^) Chern-Simons forms. 

Finally, the vector component Ti^cba appears in the same way as before in the ^^-component 

of 

i[Va,Va]-4a^^Ga)jC' = -ladaas'''"""H'cba. (3.27) 

The difference is of course, that now, as a consequence of the decomposition, Ti-lj^^ contains 
additional terms, 

'H^cba = H^cba - ^A-^^cbo- (3.28) 

So far the discussion was quite general, it applied for any particular case subsumed in the 
index A. In the following we will discuss the various different cases separately. 

The Yang-Mills CclSGj clS already discussed in section 2 is reproduced in the general formula- 
tion presented here with the identifications 

^(yAi) ^ -8tr (>Vc«>V") , T^^^'> = -8tr(>V">Va). (3.29) 

and 

M^^^^cfea = tr (Wa'^W) £de6a- (3.30) 

Before proceeding to the explicit and detailed presentation of the covariant decomposition 
for the gravitational curvature-squared terms introduced above, we would like to draw 

attention to another feature of the formulation presented here which we found quite useful in 
the analysis of the gravitational curvature-squared terms. 

It corresponds to a certain freedom in the identification of and without changing 
In other words, the replacements t-^ T,^ + and -|- do not affect 

as long as they satisfy the superspace equation 

a^ + dm^ = 0. (3.31) 

A particularly useful solution is given in terms of an arbitrary unconstrained superfield fi^ 
such that the nonvanishing components of are 

mVa = T^^al^^, (3.32) 
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and 

m^^ba = '^{crba)-y'^'D^fI^, (3.33) 
m^\a = 2(cT6a)\PV, (3.34) 

as well as 

e'^^'^'m^cba = fa'^"" {[Va,V^] - ^Gaa) (3.35) 
In a'^, on the other hand, the unconstrained superfields fi'^ appear (in obvious notations) as 

= (v^-8R^)n^, (3.36) 
= (v^-8R^n^. (3.37) 

Of course, requiring = would impose the linearity constraints of curved superspace on 
/i^, in accordance with our discussion of the linear superfields in previous sections. As already 
mentioned the freedom in assigning particular values to the arbitrary superfield /i'^ may turn 
out to be useful in the gravitational case. 



3.2 Covariant decomposition of curvature-squared terms 

We come now back to the covariant decomposition of curvature-squared terms mentioned 
above. As we have already stressed, it is established by an explicit calculation. As a consequence, 
the present subsection will be rather technical. In order to give an impression of the actual 
procedure employed we present explicitly the (+) - sector. The method consists in successive 
rearrangements of terms appearing in the curvature-squared terms 

^'■+'> = R/b'^RJ, (3.38) 

to arrive at a decomposition 

^(+) ^ S(+' + dM'+\ (3.39) 
such that the coefficients of the differential forms and M*+', 

M(+) = ^E^E^E'^^M^+^cBA, (3.40) 

= 1,E^e''e''e''^^^^dcba, (3.41) 

can be completely expressed in terms of the covariant supergravity superfields and their covariant 
derivatives and that E^"*"' can be chosen such that ( 3.12| ) holds]^, i.e. the 3-form constraints 



= 0. (3.42) 



^Note however that M'+' is only determined up to the exterior derivative of a 2-form, this means that our 
decomposition allows for the replacements M'+' M'"*"' + dm'-'^^ as explained above. 
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To begin with we should have a closer look to the coefficients of the 4-form 

^(+) = ^E^eBe('e''-^^+^dcba, (3.43) 
which are expressed in terms of the (constrained) superspace curvatures, 

^''^^DCBA = 2/ Rdc^'RbAs''- (3.44) 

JDCB 

From the explicit form of the supergravity curvatures one finds immediately 

= 0, = 0, (3.45) 

in accordance with the corresponding coefficients in ( |3.42| ). However, a non-trivial contribution 
arises in 

^'+>57/3a = 2/ Rs^/R^ae'' = -IQR^ i Rsa^fS- (3.46) 

Replacing a by aa and using supergravity information leads then to 

^'+'57/3 ad = ^ ^5 {e-yaR^Gpa + e/3a^^G^d) . (3.47) 

Inspection shows then that the desired decomposition for the coefficients considered so far can 
be established by the choice 

M'+\pa = 0, M(+)^^, = 0, (3.48) 

and 

M^+\po.a = -MR^ {e^aGpc^ + epaG^fo), (3.49) 

with spinor notation, 

M%^<,^ = <^M«^^„ (3.50) 
understood. This means that so far we have established 

SW-^^^A = 0, SW,^^A = 0. (3.51) 
In the next step we consider 

= 2^i?//i?^<^/ = 4^G/G/, (3.52) 
which serves to identify M'^-'^^a as 

^^^'7/3 aa = -^^7" ^pa A*'^' ~ I (^7/3 + ^ aP '^7") • (3.53) 



Observe that here we have, in view of the discussion following eq.( 3.31| ), allowed for the appear- 
ance of the arbitrary superfield 
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We continue with 



and 



At this level the coefficients M^+'-y come in. Using spinor notation 
with standard tensor decomposition 



and 



(3.54) 
(3.55) 

(3.56) 

(3.57) 

(3.58) 
(3.59) 



the different irreducible tensors defined here are then expressed in terms of the basic supergravity 
fields as follows: 



^^^\ Pa = m (iGR^V^Gya + ^G^^VaR'' - G'^ ^V^G^a " 4G^^P^G 



/3d 



7/3a 



and 



7 /3a 



-3P„/x(+^ - i6Pa(ii:ii:t) 

-SR^V^Ga^ - ISGa^V^R^ + 2G'^'^VaG^^ + bG'^'^V^Ga^, 



as well as 



M'"\la = l/^^,G^(2^^G^d + PdG^^), 
4M(+>e. = V^ii^+^ + 2G'^a'D^R + G^^V^G^^. 
These identifications establish 



^ 57 a — U, /3a — 



(+)^7 



(3.60) 
(3.61) 

(3.62) 
(3.63) 

(3.64) 
(3.65) 

(3.66) 
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which completes the derivation of the 3-form constraint structure, eq.( 3.42| ), for Recah 
that this was the crucial goal we wanted to achieve in this section: the tensorial structures of 
the remaining coefficients of S'+^xjcs^ are now determined from the 3-form geometry, as for 
instance (see ( ^.13 ), ( 3.14 )) 

S'+>5^fea = \{<ybae)5^ S^+\ (3.67) 
S^^^a = i(a,,e)^^rW, (3.68) 

where the chiral superfields S^^\ T*'*'' are now identified in terms of the supergravity superfields 
as follows: 

S^+^ = _ 8i?t) (^^w + iQR^R _ ^GW^^^^ _ 4X^x'^, (3.69) 

T(+) = (p2 _ 8i?) U+) + fG^^G^^) + ^2w''^W^p^ + (3.70) 



These chiral superfields will be among the basic ingredients in the construction of the super- 
symmetric extension of the various kinds of gravitational curvature-squared terms. 

In the ^I'*^'^^6a - sector, one finds that the coefficient 

I3P aa = ^^/jCr^Q, (3.71) 

is expressed in terms of just one vector such that 

= 4^7/3 ^7^ " ^ £7^ P^- (3-72) 

In the same equation, the component M'+'c6a) totally antisymmetric in its indices appears. 
Written in spinor notation 

^'^^7 - = ^77 ^5/3 <^ ^'-"'cfea, (3.73) 

it has the decomposition 

= 2ze.^e,^M^^^p^-2ie^^e,pM^^\p, (3.74) 



reflecting the antisymmetry property in terms of spinor indices. Following ref.|4^, the combi- 
nation M'+'cfQ + S'+^Q,Q, is then expressed in terms of the supergravity superfields as follows: 

+ JqG'^'^ (4 Gaa + \^a,T^a\ G^pip) — SR"^ RGaa — ^G aaG^'^ G ipip 
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Observe that S'^'aa = corresponds to the conventional constraint (|3.15|) . The remaining 
coefficients of the 4-form S'"''^ i.e. 

E(+>5 efea, (3.76) 

are obtained as spinor derivatives of the superfields S"*^' and T'"""' as explained in the discussion 
of the generic properties of the 3-form geometry in the previous subsection (eqs.(^]l^, ( 3.18| ) 



and ( 3.20I )). This completes our discussion of the (+) - sector. The corresponding decomposition 



in the (-) - sector are listed in appendix D. 

Admittedly, the presentation in this subsection was notationally quite heavy, the coefficients 
of the 3-form M*"''' are rather complicated expressions in terms of the basic supergravity super- 
fields and their covariant derivatives. But once established, we then use these coefficients from 
now on precisely as a shorthand notation for otherwise complicated expressions, which may be 
expanded when necessary. 



3.3 3-form geometry and modified linearity conditions 

We have seen that super symmetric Chern-Simons forms can be described in the framework 
of the superspace geometry of a 3-form gauge potential: on the one hand we have explicitly 
etablished the covariant decomposition 

qi^ = T,^ + dM^, (3.77) 



as anticipated in (3/7). On the other hand, from our starting point ( |3.3| ) we know 

= dQ^, (3.78) 

and therefore 

= d (q^ - M^) . (3.79) 

Here, the combination — corresponds to the 3-form gauge potential, which, under a 
gauge transformation changes with the exterior derivative of a 2-form. T,^ is subject to the 4- 
form constraints, which ensures the existence of the Chern-Simons superfield fi^, corresponding 
to the prepotential of the 3-form, such that the combinations S"^ and as identified in ( 3.13| ) 
and ( p. 14 ), are given as 



= -4(V^ -8R^^n^, (3.80) 
= -4 (p2 _ qA_ (3_g;^^) 
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Under gauge-, Lorentz-, Kahler transformations the corresponding Chern-Simons superfields 
change as 

^ n^ + X^, (3.82) 
where are hnear superfields, subject to the conditions 

(V^-8R^^X^ = 0, (p2-8i?)A^ = 0. (3.83) 

Of course, this reflects the above-mentioned fact that the fuh Chern-Simons form changes with 
the exterior derivative of a 2-form. 



This structure is now coupled to the 2-form gauge potential in the way deflned above in the 
first section of this chapter, the relevant definitions being (3J.), ( p. 3D , (3.6), (3.8) and (|3.9|). As 
we have pointed out there, the presence of Chern-Simons forms gives rise to modified linearity 
equations. As these conditions intervene crucially in the construction of invariant actions, it will 
be convenient for our subsequent investigations to summarize them here. 



The basic objects of interest are the superfields , identified in ( 3.22 ) and subject to the 
modified linearity conditions 



1 

4-' • 



(3.84) 
(3.85) 



Recall that we have allowed and to be linear combinations of terms pertaining to Yang- 
Mills, gravitational or C/x(l) Chern-Simons forms as described in the preceding chapters: 



kiT^, 



(3.86) 



with kj^ constants, indices / referring to the 2-form multiplets under consideration and A to the 
different types of Chern-Simons forms. 



In the Yang-Mills case we had 

S(yM) ^ _8tr(W^W"), T^^^^ = -8tr(W">Va). 
In the case of gravity, things were slightly more complicated. We found 



(3.87) 

(3.88) 

(3.89) 
(3.90) 
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in one chiral sector and 

5" = (p2_8i?t)(^(-) + |G"^G„^)+32T^.^.T^^^" + |X<iX°, (3.91) 

T'-) = _ (^^(-) ^ ig^^t _ _ 4X°Xc„ (3.92) 

in the opposite one. Finally, in the chiral Uxi^) sector we identified 

S^'^ = -2Xc>X'^, T'l' = -2X"Xa. (3.93) 

Clearly, taking into account the relations ( p. 80] ) and ( p. 81] ), one may define the truly linear 
super fields 

£^ - kin^, (3.94) 

which are, however, not gauge invariant, in view of ( p. 821 ). The gauge invariant superfields , 
subject to the modified linearity conditions, will be relevant for the description of component 
fields. In particular, the fieldstrengths of the antisymmetric tensors are identified in the covariant 
superfield expansion of as 

{[V^,Vo^] - Aa^^^Ga) d = -ydaae'''''"'ncbJ , (3.95) 

with 

nL = ^L-^A^cl- (3.96) 



4 Dynamics : Green- Schwarz for Gauss-Bonnet 

The geometric formulation presented in this paper is quite general and suitable to be em- 
ployed in the construction of quite a variety of dynamical theories involving any kind of gravi- 
tational Chern-Simons forms in the presence of arbitrary matter and linear multiplet couplings. 
We shall leave the discussion of such general constructions to a separate publication and con- 
centrate here on the description of a simple, illustrative example. 

This will be obtained from a number of simplifying assumptions. First of all we shall restrict 
ourselves to one single antisymmetric tensor gauge field which is coupled to the Chern-Simons 
form relevant for the Gauss-Bonnet combination of curvature-squared terms. 

Moreover, and in order to exhibit as clearly as possible the various contributions which 
arise in the linear superfield formulation of this Green-Schwarz coupling we shall neglect here 
completely the matter and Yang-Mills sector. In technical terms this means that we may discard 
the C/(l)-sector, i.e. work in the framework of traditional superspace geometry. 

The salient features of this dynamical theory will first be presented in the linear superfield 
formulation. A supersymmetric duality transformation, taking into account the gravitational 
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Chern-Simons superfield, will then be employed to establish the relation with the dual theory 
where the antisymmetric tensor multiplet is replaced by a chiral multiplet. 



4.1 Prom U{1) to traditional superspace 

The traditional superspace geometry is recovered from the U{1) superspace, as presented in 
section 2, by simply taking the kinetic prepotential superfield to vanish, i.e. putting 

K = 0. (4.1) 



As a consequence (see eqs. ( |2.31 ),( 2.32 ) and ( 2.33 )) one obtains 



3i 

Aa = 0, = y Ga. (4.2) 

The equation for the vectorial component of the gauge potential is a particular artefact of the 
choice of conventional constraint for F^a- On the level of the covariant supergravity superfields 
this choice implies 

= 0, X'' = 0, (4.3) 

which in turn is tantamount to 

V^R = V"Gaa, V^R^ = VaG"^. (4.4) 

Moreover, for convenience, we give the additional terms containing G^a in the basic torsion 
components. 



^ »7 1 

T^b" = T^b'^ + S^Ab = +j5^Gb + -G'={acab)^", (4.5) 



T\a = T\^-dlAb = --6lGb--G%a,ab)\, (4.6) 

where now the hatted quantities refer to the traditional superspace geometry of the so-called 
old-minimal supergravity multiplet. Likewise, for the vectorial covariant derivative of a generic 
superfield of f7(l)-weight w^X) we employ the notation 

3z 

VaX = VaX + w{X)AaX = Va X + - w{X) Ga X. (4.7) 

This last formula will be useful in identifying the additional Ga contributions arising from the 
covariant vectorial derivatives in our equations derived in U{1) superspace. 
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4.2 Identification of Gauss-Bonnet 



Applying the analysis of chapter 3 to the case of one single antisymmetric tensor, and using 
notations of appendix C, the Gauss-Bonnet combination is identified in eq. (|3.6D , i.e. 



dH 



in taking k. 



(+) 



k 



(-) 



k. Recall that after taking into account the covariant decomposition 



of the curvature-squared terms this becomes 



kT. 



(GB) 



(4.9) 



In what follows the superscript ''^^^ will be used systematically to denote quantities referring to 
the Gauss-Bonnet combination. In order to write down the modified linearity conditions for the 



single superfield £, identified in eq.( 3.22 ), 



' '"7 a 



-2i Ke)/ C, 



we define (taking ^*+' = ^u' ') 



S<.GB) ^ _ g(-) ^ (^jy2 _ g^t) (^2 R^R + CGa) - 32 W^^M 
rp(GB) ^ rj.(+) _ ^{-) ^ _g |^p2 _ ^2 R^R + CGa) + 32 W^^W^p^. 
As a consequence, the modified linearity conditions, eqs. ( ^ ) to (|]92D, reduce to 



p2 - 8R^^ C = -2k (v^ - 8R^) (2 R^R + CGa) + 8k W^^M 



7/3ci 



(p2 _ 8i?) £ = +2A: - 8i?) (2 R^ R + C'G^ - 8k W^^W. 



(4.10) 

(4.11) 
(4.12) 

(4.13) 
(4.14) 



4.3 Superfield towards component field action 

Having specified the underlying geometric framework, the action which describes the coupling 
of the linear multiplet to supergravity and gravitational Chern-Simons forms of the Gauss- 
Bonnet type will be of the generic form 

j Er{C). (4.15) 

As matter fields (i.e. chiral multiplets) are absent we do not have to care, for the moment^ 

about Kahler transformations. Note, however, that this action will exhibit a field dependent 

^beware, however, of eventual duality transformation from linear superfield formalism to chiral superfield 
formalism 
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normalization function of the Einstein term - we will come back to this issue later on. For 
the time being we are interested in evaluating explicitly the component field version and in 
determining the curvature-squared contributions. 

The starting point for the construction of the component field action will be the expression for 
the chiral density as defined in eq. (^) with the generic superfield r and its complex conjugate 
f identified as 

r = (v'^ -8R^^T{C), r = {v^ - SR^r{C). (4.16) 

Inspection of ( ^.391) shows then that the bosonic contributions to the action will be contained 
in the projection to lowest components of the superfield expression 

a+T{C) = \(^'^ -2m^^(v^ -SR^ + (v"^ -2AR^(v'^ -m'^y^TiC). (4.17) 

In the following we shall restrict ourselves to the discussion of the purely bosonic terms in the 
action. To do this appropriately at the notational level we introduce the symbol which 
means that only bosonic terms should be retained in the explicit evaluation (and projection 
to lowest superfield components is understood). Applying successively the spinorial covariant 
derivatives using explicitly the modified linearity conditions 

{v^-m^)c = {v^-m)c = -^t^°^\ (4.18) 

relevant for the Gauss-Bonnet combination gives rise to 
□+.F(£) =' -4.F" + J'" [Da,Va]C 

-8 - CT') {V^R + P^i?"^) + 16 {2A{r - LT') + 8C?T"^ R^R (4.19) 

8 

where primes denote derivatives of the function T with respect to C. Note that this equation 
contains, in a compact form, the totality of the bosonic terms in the supersymmetric action. It 
remains to work out, in some more detail, the various contributions of the individual terms. 



4.4 The basic building blocks and the complete bosonic action 

We shall now discuss one by one the individual building blocks for the bosonic part of 
the action, as they arise in eq. (|4.19 ), with particular emphasis on the contributions linear and 



quadratic in the Gauss-Bonnet coupling k. The first term. 
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describes simply the kinetic action for the scalar field which is identified as the lowest 
component of the superfield L. The second term, 

is slightly more complicated: among other things it contains the kinetic action for the anti- 
symmetric tensor gauge field via its covariant field strength T^cbaj which appears in 

V^\L = (Ua + 4>C G„) , (4.20) 

through its dual defined as 

Recall that this field strength is defined as the purely vectorial component of the 3-form 

H = dB + k{Q^'"'^ -M^"""^), (4.22) 

with the corresponding component of M**^^' given as 

M^oB) bos _^ix>a{R^R)-2iV\G^Ga), (4.23) 

using obvious notations concerning the Gauss-Bonnet combinations. The third term, 

-8 (:r - CJ'') (v'^R + p2^t^ ^ 

brings in the curvature scalar with field dependent normalization function — CJ^' , due 
to the supergravity identity 

V'^R + &R^ = 7^ + 32 + 4 (4.24) 

whilst the fourth term docs not need any comment. The four remaining terms are either 
linear or quadratic in the Gauss-Bonnet coupling k. Taking into account the relation 

V^R-V^R^ = AiVaG", (4.25) 

one finds immediately that the bosonic contribution from the last two terms is simply given 
as 

-AkR LT" S'(°''' - 4ifc R^ LT" T^""^ -256i kCT" V (i?^ G„) . (4.26) 
In the next step we consider the explicit form of the bosonic contributions to S'^'^^^ and T'-'^^\ 
SiGB) bos (^i-ji _ 8 R'fR + 14 + S2i (2 G'^'baR^ + R^VaG"^ , (4.27) 

rp(GB) bos ^ 1^1^ -^R^R + U CGa) + 32i (2 CVaR + RVaG") , (4.28) 
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which win be used to estabhsh the exphcit expression for the term 

8 

at order k"^ . Finally we have to substitute for in the last remaining term. Using the exphcit 
definitions and relations from appendix C we find 

with bosonic part 

u+C = +2ae/edcW^'•'"W'^^ba+48^A;e^'=^'^(PrfGe)(p6Ga)+2A;□-(2i^ti^ + G"G^^ (4.30) 

The last term in this equation is basically a space-time divergence whose explicit form is irrel- 
evant for the present discussion. If desired, it can be evaluated using the definition of in 
appendix C. 

Putting all the information concerning the individual terms in ( 4.1S| ) together one obtains 

1 

-2r"n'"Ha + 8j^"p"£ VaC - wcT"Gan'' (4.31) 

+2ik r e fedc ' '"^W'^^ , ba + IQik T' e'^^''" (P^Ge) (P^G,) 



-—k^r'TZ 



--m^T" 



U{R^VaR - RVaR^) + 2G^1Zba + \Gan - 32GaR^R - 2GaG^Gb 
2iG''{R^VaR - RVaR^) + (14G''Ga - m^R)R^R + \nR^ R 
R^R{UG^Ga - SR^Rf + 4i(14G^Gfc - R)G''{R^VaR - RVaR^) 
+16G''G''{f>bR^){AR) + 8G''{f>bG'')f>a{R^ R) + AR^ R{'DbG^){'DaG' 

Taken as the lowest superfield component this expression describes, up to a factor e = detCm"', 
the bosonic part of the lagrangian density for the coupling of the antisymmetric tensor multiplet 
to supergravity in the presence of Gauss-Bonnet Chern-Simons forms. Observe that in the 
absence of Chern-Simons forms, i.e. for A; = 0, we are just left with the first two lines. 

On the other hand, coupling of Chern-Simons form does not just mean modify the field- 
strength of the antisymmetric tensor: super symmetry enforces quite a number of additional 
couplings, linear and quadratic in the parameter k. This illustrates once more the striking 
fact that supersymmetrization of the Green-Schwarz mechanism does not only introduce new 
fermionic terms but necessitates genuine new bosonic contributions, as for instance the square 
of the Weyl-tensor in the example discussed here. 
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The Gauss-Bonnet combination itself is not explicitly present in this action, it appears only 
after discussion of the equation of motion for the antisymmetric tensor gauge field. Instead of 
discussing the explicit form of the component field equations of motion, which are quite complex, 
we shall turn immediately to the dual theory with the antisymmetric tensor replaced by a scalar 
field. 



4.5 Duality transformation and the dual theory 

Taking X to be some real, covariant and unconstrained superfield we consider 

j E [J^{X) +b{X-k f]'^^)) + 0)] . (4.32) 

Variation with respect to (j) and (j), or rather with respect to their unconstrained prepotentials, 
entail linearity conditions for X — kil.'^^^^ and thus allow to identify X with C, subject to modified 
linearity conditions ( [4.13 ), ( 4.14| ), thus getting back the theory already discussed. 



On the other hand, variation with respect to X results in 

J^' + b{^ + ^) = 0, (4.33) 

giving rise to a theory expressed in terms of the chiral resp. antichiral superfields (j) and (j). The 
theory obtained in this way is said to be dual to the one described previously. 



After taking into account the duality relation ( 4.33| ) i.e. the (algebraic) equation of motion 
of the first order action, one obtains the dual theory described in terms of one single chiral 
superfield (p and its conjugate (j) as 

A = I E[J^ (A[</. + ^])+b{<l) + 4>) X[<l) + 4)]-bk f]'^^' {<P + $)] . (4.34) 

This action obviously consists of two parts : the usual action for the kinetic terms of the chiral 
multiplet and a new one, containing the Chern-Simons superfield, which will, at the component 
field level, give rise to the curvature-squared terms. 

In order to match the traditional notations we parametrize 

_^^-\k{4>:4>) = ^(x[0 + 0]) +6(0 + <^)X[0 + <^], (4.35) 

to establish the first part of the dual theory in the usual notation of standard supergravity 
matter coupling with Kahler potential K (0, cp) i. e. 

Ao = -3 [ Ee~^^^^'^). (4.36) 
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The exphcit supersymmetric component field action may then be obtained from 

= l(v^-8R)e-l''(^'^), fo = ^(v^ - 8R^)e-l''('^'^) , (4.37) 
in terms of the chiral density construction (2.39). It leads to the usual supergravity-matter action 



with field dependent normalization of the curvature scalar term, which we refrain however to 
reproduce here in detail. 

Instead we concentrate on the second part of the action, 

Ai = -6A; ((/. + 0) , (4.38) 



which reflects the modifications of the standard theory due to the presence of the Green-Schwarz 
mechanism for the Gauss-Bonnet combination. In the following we will discuss the component 
field evaluation of this additional part of the action. 

In a first step, still completely in terms of superfields, we make use of integration by parts 
in superspace, to write 



where we used (3.81) and T^^^^ is given in eq.( |4.12| ). Reasoning in the same manner for the 



complex conjugate term in Ai we then arrive at 

32 J 32 i fit ^ ^ ^ 

Employing the language of the chiral density construction this means that the component 
field expression is derived from the chiral, resp. antichiral superfields 

hk hh 

n = -^<^T'«^', n = -^0S<«^', (4.41) 

following the usual procedure. 

Ai -ibk{cp + ^) [le^'^'^' Rd^^k'^Rd'c'^a' + 4e'''''"D^G,V,Ga) 

— — {(f) - (p) e^'^''' e'^"'^ Rdc,ba Rd'c' , b'a' 

+ 8bk{(p-^) VVa (r^R) + Abk{<j) + 4)) V (R^VaR - RVaR^) (4.42) 

((/> + <^) {g'' {Rab - \vabn) - Ga {2R^ R + G^G,) } 
+ 4 6A; ((/> - (^) VV^GaGb) - hk T'^^' - hk 5'^^' P^^. 



Observe the analogy of this expression with the Yang-Mills case ( 1.46] ) discussed in the 



introductory section: the curvature-squared term which corresponds to the initial Chern-Simons 
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combination, in our case Gauss-Bonnet, appears with a factor (p ~ (j), whilst the orthogonal one 
(in the sense of Hodge duality) acquires a factor (f) + 4> (in the Yang- Mills case this was just the 
kinetic term with field dependent gauge coupling function). 

As this example is merely intended as an illustration of the methods of superspace geometry 
at work, we will not pursue here this discussion any further. A more detailed study of this and 
similar, but more general theories, is left to forthcoming research, see also the remarks in the 
concluding section. 



5 Conclusion and outlook 

The main emphasis of this review was on a concise and complete presentation of the super- 
space geometric description of gravitational Chcrn-Simons forms. Making use of the structural 
analogy of Chcrn-Simons forms in supcrsymmctric theories with the geometry of the 3-form 
multiplet (coupled to supergravity) makes it possible to cope with otherwise highly complex 
technicalities. 

The second important point we wanted to exhibit is the relevance of this geometrical descrip- 
tion for the construction of supersymmetric dynamical theories with gravitational Chern-Simons 
forms. 

As an illustration of this point we described in section 4 the basic features of a particular and 
relatively simple example, dealing with Chern-Simons forms of the Gauss-Bonnet type. Starting 
from the linear superfield mechanism and performing then the duality transformation to the 
chiral superfield mechanism we displayed the bosonic parts of the component field action in 
both versions. 

This example was particularly simple in two respects. First of all it was formulated in the 
traditional superspace geometry approach (i.e. no explicit Uk{^) factor present in the structure 
group). Secondly only one linear, resp. chiral, superfield was taken into account, without any 
additional matter or Yang-Mills sectors. 

As this specific example was chosen to illustrate the interplay of geometry and dynamics, we 
did not analyse the sector of previously auxiliary fields, which now appear with terms contain- 
ing space-time derivatives - a subject which should more conveniently studied in more general 
situations. 

Likewise, the question of the normalization of the curvature scalar term, the interpretation 
of its field dependent normalization function as well as questions of field redefinitions which 
have the form of Weyl rescalings were not further pursued. These issues are more conveniently 
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adressed in the fuU-flcdgcd Uxi^) supcrspacc geomotry framework. 

We wish to emphasize, however, that the geometrie superspaee formulation of gravitational 
Chern-Simons forms, whieh was the main purpose of this review, is very well-suited for the 
discussion of the questions alluded to and which will be the subject of future investigations. 



Appendices 



A 3-form gauge potential and Chern-Simons forms 

A.l 3-form gauge potential in Uk{^) superspaee 
We consider 

^3 ^ j^E^E^E^B^cBA, (A.l) 
a 3-form gauge potential subject to gauge transformations 

^3 ^ A^3 ^ B^ + dA, (A.2) 
described in terms of a 2-form in superspaee, 

A = ^E'^E^Aba. (A.3) 

In some more detail 

lE^E^E^ ^B^CBA = ^E^E^E^ [b^cba + SVcAba + STcb'^Afa) , (A.4) 

or 

^B^CBA = B^CBA + i (VcAba + Tcb^Afa) , (A.5) 

JCBA ^ ' 

where the graded cyclic sum is defined as 

/ = CBA^{-f^^"^°-^BAC^{-f^^^''^ACB, (A.6) 

JCBA 

with a = for vectorial and a = 1 for spinorial values of the superspaee indices. 
The covariant fieldstrength 

E = dB^, (A.7) 

is a 4-form in superspaee, 

S = \,E^E''e'^E^Y.dcba. (A.8) 

with coefficients 

\E^E^E^E^Y,DCBA = ^E^E^E^E^ (aVdB'^cba + QTdc^B'^fba) . (A.9) 
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A. 2 Explicit solution of the constraints 



We recall the superspace constraints for the 3-form gauge potential: 

^S-y^A = 0. (A.IO) 



In a first step we solve 

by 



^S-y^A = 0, (A.ll) 



B'^^pA = VAU^p+f (v^U^a + Ta/Ufp) , (A.12) 
and the complex conjugate 

S^T'^A = 0, (A.13) 



by 



B^'f^j^ = VaV^^ + j^^ {v^yi^A + Ta^^Vf^) . (A. 14) 



Since the prepotentials UpA and V^^ a should reproduce the gauge transformations of the 
gauge potentials B^^^a and B^'^l^ a we assign 

UpA ^ ^UpA = UpA + ApA, (A.15) 

and 

V^A ^ = V^A + A^A, (A.16) 

as gauge transformation laws for the prepotentials. On the other hand, the so-called pregauge 
transformations arc defined as the zero-modes of the gauge potentials themselves, that is trans- 
formations which leave B^^pA and B^'^^a invariant. They are given as 

UpA ^ UpA + VpXA- i-rVAXp + TpA^XF, (A.17) 

and 

V\ ^ V^A + Ty^i^A-i-rVA^^ + T^A^^F- (A.18) 

We parametrize the prepotentials now as follows: 

= Wp'^ + Tp^fKf, (A. 19) 

V^a = wJ-Tj^Kf, (A.20) 

and 

Upa = Wpa'VgKa, (A.21) 

V^a = W^a + V^Ka. (A.22) 
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Explicit substitution shows that the terms drop out in B^^p^ and B^^^^. Denoting further- 
more 

Upa = Wfsa, and = W^'^, (A.23) 

we arrive at 

B\pA = VaW^p+I {-D^Wpa + Ta/Wf^, (A.24) 
B^^^A = VaW^^ + {vmf^A + Ta^^Wf^) , (A.25) 

i.e. a pure gauge form for the coefficients B'^^pA and B^'^^a with the 2-form gauge parameter 
A replaced by the prepotential 2-form 

W = ^E^E^Wba, with Wba = 0. (A.26) 

We take advantage of this fact to perform a redefinition of the 3- form gauge potentials, which 
has the form of a gauge transformation, in the following way: 

^3 ._ -w^3 ^ B^-dW. (A.27) 

This leaves the fieldstrength invariant and leads in particular to 

B^j/SA = 0, and B^'/^A = 0, (A.28) 

whereas the coefEcient B^^l^a is replaced by 

B\^a = B\^a-'D^W^a-'D^W^a-'DaW/. (A.29) 

We define the tensor decomposition 

B\^a = r// (nfa n + w^f^^ + n^f^^) , (a.so) 

where M^[/a] is antisymmetric and ^(^fa) symmetric and traceless, and perform another redefini- 
tion which has again the form of a gauge transformation, this time of parameter 

W = (A.31) 

such that 

n := -^B^ = B^-dW. (A.32) 
Note that this reparametrisation leaves B^j^a and B'^'^"^a untouched, they remain zero. 

Let us summarize the preceding discussion: we started out with the 3-form gauge potential 
B^. The constraints on its fieldstrength led us to introduce prcpotentials. By means of prepo- 
tential dependent redefinitions of B^, which have the form of gauge transformations (and which. 
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therefore, leave the fieldstrength invariant), we arrived at the representation of the 3-form gauge 
potential in terms of S7, with the particularly nice properties 

n^pA = 0, n^'^A = 0, (A.33) 

and 

n^^a = r/^ (t?/, n + n^f^)) , (a.34) 

Clearly, in this representation, calculations simplify considerably. We shall, therefore, from now 
on pursue the solution of the constraints in terms of O, and turn to the equation 

= = f'^Ts^'fa/a, (A.35) 

which tells us simply that 0,(pa) is zero. Hence, 

n^^a = T/a^- (A.36) 

We turn next to the constraints 



and 



S^^^a = ^ = f (2?Wa + 75^^Q/„), (A.37) 

= = / (V^n^f^a + T^^f^fpa), (A.38) 
which, after some straightforward spinorial index gymnastics give rise to 

^-yba = 2{aba)'y'^V^n, (A.39) 

^^ba = 2{aba)\V'^^. (A.40) 

This completes the discussion of the solution of the constraints, we discuss next the conse- 
quences of this solution for the remaining components in S i.e. S^^^a, Ttgcba and Sdcfca- As a 
first step we consider 

'^S-yba = (j^S^-fba-Tsb^^-y'^a + Tsa.p^^'^b^ , (A.41) 

and 

^^\a = j ^ {T^^^\a - tK'^%\ + T\'^%\) . (A.42) 

Substituting for the 3-form gauge potentials as determined so far, and making appropriate 
use of the supergravity Bianchi identities yields 

^Sjba = -2((76„e)5^ (p2_8i?t)j^, (A.43) 
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and 

T.^\a = -2{abaef'^ (V'' -SR)VI, (A.44) 
The appearance of the chiral projection operators suggests to define 

S = -4(x)2_8i?t^fj, (A.45) 
T = -a{v'^ - SFdjQ.. (A.46) 

The gauge invariant superfields S and T have chiraUty properties 

VaS = 0, V^T = 0, (A.47) 

and we obtain 

SiS^ba = ^(0'f,ae)<57 -S*, (A. 48) 

^'\a = Wbaef'^T. (A.49) 

In the next step we observe that, due to the information extracted so far from the solution 
of the constraints, the fieldstrength 

^6\a = Ts'^'J^cba, (A.50) 

is determined such that T,cba is totally antisymmetric in its three vectorial indices. As, in its 
explicit definition a linear term appears (due to the constant torsion term), i.e. 

ba = ^5^'^^c6a+ derivative and Other torsion terms, (A. 51) 

we can absorb Scba in a modified 3-form gauge potential 

ilc6a = ^cba - '^cba, (A. 52) 

such that the corresponding modified fieldstrength vanishes: 

S^^a = 0. (A.53) 
The outcome of this equation is then the relation 

{[Da, Da] - ^Gaa) ^ = ^adaa s'^"^" ^fea, (A.54) 

which identifies £Lcba i^ superfield expansion of the unconstrained prepotential J7. 

Working, from now on, in terms of the modified quantities, the remaining coefficients, at 
canonical dimensions 3/2 and 2, i.e. S^^ba ^iid ^dcbai respectively, are quite straightforwardly 
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obtained in terms of spinorial derivatives of the basic gauge invariant superfields S and T. To 
be more precise, at dimension 3/2 one obtains 

^cba = -^4edc6a25^5, (A.55) 

^Kba = +^0'^^^ SdcbaVsT, (A.56) 

and the Bianchi identity at dimension 2 takes the simple form 

(p2 _ 24i?t) t-(t>^- 24i?) S = ^e'^^^'T^^. (A.57) 

As to the gauge structure of the 3-form gauge potential we note that in the transition from 
to $7, the original 2-form gauge transformations have disappeared, $7 is invariant under 
those. In exchange, however, as already mentioned earlier, Q, transforms under so-called pre- 
gauge transformations (which, in turn, leave unchanged. As a result, the residual pregauge 
transformations of the unconstrained prepotential superfield, 

^ ^ ^' = rt + \ (A.58) 

are parametrized in terms of a linear superfield A which satisfies 

{v'^-m^^X = 0, (v^-8R^X = 0. (A.59) 

In turn, A can be expressed in terms of an unconstrained superfield, as we know from the 
explicit solution of the superspace constraints of the 2-form gauge potential, actually defining 
the linear superfield geometrically. In other words, the pregauge transformations should respect 
the particular form of the coefficients of the 3-form J7. 



A. 3 Yang-Mills in f/x(l) superspace 

In section 2.5 we have presented supersymmetric Yang-Mills theory in terms of a Lie-algebra 
valued gauge potential 

A = E^A^^h^r) = A^^'^r), (A.60) 

whose fieldstrength 

= dA + AA, {AM) 

is a 2-form in superspace defined as 

= ^E^E^J^BA, (A.62) 

with coefficients 

^BA = VbAa - {-T'"DaAb - {Ab, Aa) + Tba^Ac. (A.63) 
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The fieldstrength is covariant with respect to super field gauge transformations 

A ^ = g~^Ag - g'^dg. 



{AM) 



In the present subsection we point out in some detail the solution of the constraints in terms 
of prepotentials. In a first step we observe that the constraints 

^/3a = 0, J^^'^ = 0, (A.65) 

have the solution 

Aa = -T-^D^T, A^ = -U-^D^U. (A.66) 
We use here Da = Eg/^du- The unconstrained prepotential superfields 7", U are related through 

= U^. (A.67) 

The gauge transformations of the prepotentials should be defined such that they reproduce 
those of the gauge potentials as given above. On the other hand, there are additional non-trivial 
gauge transformations which act on the prepotentials but which do not show up in those of the 
potentials. These transformations arc called pregauge transformations. Altogether, gauge and 
pregauge transformations of the prepotentials are defined as follows: 

r ^ A-^Tc/, U ^ h~^Ug, (A.68) 

the parameters of the pregauge transformations being chiral resp. antichiral superfields, i.e. 

D^A = 0, DaA = 0. (A.69) 

We emphasize that the combination 

T = TU-^, (A.70) 
is inert under the ^(-transformations and changes under pregauge transformations as 

T ^ A-^TA. (A.71) 

The constraint 

^/3" = 0, (A.72) 

is a so-called conventional one, it expresses the vector component of the superspace gauge po- 
tential in terms of the spinorial ones: 

Aaa 2 (.'^oiAa ~\~ T^ocAa {-^aj-^d}) • (A. 73) 

As usual in the explicit definition of the fieldstrength, the derivatives are covariant only with 
respect to local Lorentz und Uk{^) transformations. 
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The component fields of super symmetric Yang-Mills theory are the usual gauge potentials 
as identified in the real representation, 



^11 = idx'^amix), (A.74) 

the covariant "gaugino" fields 

W^l = iX^ix), Wp\ = -iX^ix), (A.75) 
and the auxiliary bosonic field 

V'Wa] = -2D(x), (A.76) 

all of them defined in the real representation as well. As to the last one, by a slight abuse of 
notation, we use the same symbol for the superfield itself and its lowest component. 

The appearance of the prepotential superfields and the particular form of their gauge trans- 
formations allows to dispose completely of the original g gauge transformations. This is achieved 
by prepotential dependent redefinitions of the gauge potential A which have the form of a gauge 
transformation. In more technical terms, we define 

(p = UAU~^ - UdU~^ = ""U, (A.77) 
if = TAT-^ -TdT-^ = ^"U. (A.78) 

The new gauge potentials are inert under g gauge transformations but change under pregauge 
transformations, as induced from the redefinitions, i.e. 

ip ^ ^ip = A-VA-A-^dA, (A.79) 
(p ^ ^ip = K-^pk-h.-'^dk, (A.80) 

We call ip the chiral and ip the antichiral representation because the corresponding gauge trans- 
formations are parametrized in terms of chiral resp. antichiral superfields. Also, A is called the 
real representation. The gauge potentials in the chiral and antichiral representations are related 

by 

p, = T-^(pT -T-^dT = '^(p. (A.81) 
The connections p> = E^pA and (p = E^(pA depend in a very simple way on T: 

p^ = -T-^DaT, p^ = 0, paa = '^T^aVa, (A.82) 

Pc = 0, p^ = -TD^T-\ p^o. = ^VaPa- (A.83) 
Likewise, for the gaugino superfields one finds immediately 

Waiv) = -1{&-8r)p^, (A.84) 
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(A.85) 



Clearly, gauge invariant expressions are independent of the the representation chosen to 
describe the gauge potentials. 



A. 4 Chern-Simons forms in superspace 

In this paper we deal with Chern-Simons forms of the Yang-Mills and gravitational types. 
Under gauge transformations these Chern-Simons 3-forms change by the exterior derivative of 
a 2-form, which depends on the gauge parameter and the gauge potential. 

Due to this property one may view the Chern-Simons form as a special case of a generic 
3-form gauge potentiel, as discussed in the first two subsections of this appendix. This point of 
view is particularly useful for the supersymmetric case. 

To make this point as clear as possible we first recall, in this subsection, some general 
properties of Chern-Simons forms in superspace. 

To begin with we consider two gauge potentials and Ai in superspace. Their field- 
strength-squared invariants are related through 



tr {To^Fo) - tr {J^iJ^i) = dQ{Ao,Ai). 



{AM) 



This is the superspace version of the Chern-Simons formula, where 



J^o = dAo + AoAo, 



Tx = dAi +^1^1. 



(A.87) 



On the right appears the superspace Chern-Simons form, 




(A.88) 



where 



J^t = dAt + AtAt 



(A.89) 



is the fieldstrength for the interpolating gauge potential 



At = {l-t)Ao + tAi. 



(A.90) 



The Chern-Simons form is antisymmetric in its arguments, i.e. 



Q{Ao,Ai) 



-Q{Ai,Ao). 



(A.91) 



In the particular case Ao = A, Ai = 0, one obtains 




(A.92) 
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We shall also make use of the identity 

Q{Ao,Ai) + Q{Ai,A2) + Q{A2,Ao) = dx{Ao,Ai,A2), (A.93) 

with 

X {Ao, Ai,A2) = tr {AoAi + A1A2 + A2A0) . (A.94) 

This last relation (the so-called triangular equation) is particularly useful for the determina- 
tion of the gauge transformation of the Chcrn-Simons form. The argument goes as follows: first 
of all, using the definition given above, one observes that 

2(^,0) = Q[A,dgg-'). (A.95) 

Combining this with the triangular equation for the special choices 

Ao = 0, Ai = A, A2 = dgg-^, (A.96) 

one obtains 

Q{0,A) + Q{'A,0) + Q(dgg-\0) = dti (Adg g'^) , (A.97) 
or, using the antisymmetry property 

Q {3 A) -Q{A) = dtr (Adgg-') - Q (dg g-^) . (A.98) 

The last term in this equation is an exact differential form in superspace as well, it can be 
written as 

Q(dgg-') = da, (A.99) 

where the 2-form a is defined as 

a = j\t ix (dtgtgT^ dgtgt^ dgtgt^) , (A.lOO) 
with the interpolating group element gt parametrized such that for t G [0, 1] 

50 = 1, 91 = g. (A.lOl) 

This shows that the gauge transformation of the Chern-Simons form, which is a 3-form in 
superspace, is given as the exterior derivative of a 2-form, 

QM-Q(^) = dA{g,A), (A.102) 

with A = X — (T. 

The discussion so far was quite general and valid for some generic gauge potential. It does 
not only apply to the Yang-Mills case but to gravitational Chern-Simons forms as well. 



59 



A. 5 The Chern-Simons superfield 



We specialize here to the Yang-Mills case, i.e. we shall now take into account the covariant 
constraints on the fieldstrength, which define supersymmetric Yang-Mills theory. 

It is the purpose of the present subsection to elucidate the relation between the unconstrained 
prepotential, which arises in the constrained 3-form geometry, and the Chern-Simons superfield. 
Moreover, based on this observation and on the preceeding subsections we present a geometric 
construction of the explicit form of the Yang-Mills Chern-Simons superfield in terms of the 
unconstrained prepotential of supersymmetric Yang-Mills theory. 

In this construction of the Chern-Simons superfield we will combine the knowledge acquired 
in the discussion of the 3-form gauge potential with the special features of Yang- Mills theory in 
superspace. 

Recall that the Chern-Simons superfield O'-^-^^ is identified in the relations 



tr(WaW°) = liv"^ (A.103) 
tr(>V"W„) = \(V'^ - SR)9.^^^\ (A.104) 

The appearance of one and the same superfield under the projectors reflects the fact that the 



gaugino superfields Wq are not only subject to the chirality constraints ( 2.81 ) but satisfy the 



additional condition ( p. 821) . It is for this reason that the Chern-Simons form can be so neatly 
embedded in the geometry of the 3-form. 

As explained in section 3 the terms on the left hand side are located in the superspace 4-form 



tr(J^J^). (A. 105) 



Of course, the constraints on the Yang-Mills fieldstrength induces special properties on the 
4-form coefficients, in particular 

S^^^a'^^' = 0, (A.106) 

which is just the same tensorial structure as the constraints on the fieldstrength of the 3-form 
gauge potential. As a consequence the Chern-Simons geometry can be regarded as a special case 
of that of the 3-form gauge potential. Keeping in mind this fact we obtain 

^S.ba''"^' = \Ms,S''"'\ (A.107) 

jyM) ^ i^^^^^fiT^yM)^ (A.108) 

with 

giVM) ^ -8tr(WaW'^), (A.109) 

'jiyM) ^ -8tr(W">Va). (A.llO) 
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These facts imply the existence and provide a method for the exphcit construction of the 
Chern-Simons superfield: comparison of these equations with those obtained earher in the 3-form 
geometry clearly suggests that the Chern-Simons superfield O'^-^^ will be the analogue of the 
unconstrained prepotential superfield J7 of the 3-form. In order to establish this correspondence 
in full detail we translate the procedure developped in the case of the 3-form geometry to the 
Chern-Simons form which, as a 3-form in superspace, has the decomposition 

Q = yz'^dz'^dz^QuLK = ^E'^E^'E^QcBA, (A.lll) 

with 

^E^E^E^Qcba{A) = j,E'^E^E^ti{3Ac:FBA-2AcABAA). (A.112) 

In order to extract the explicit form of the Chern-Simons superfield we shall now exploit the 
equation 

tr(J^J^) = dQ{A). (A.113) 

In the 3-form geometry we know unambigiously the exact location of the prepotential in 
superspace geometry. Since we have identified Chern-Simons as a special case of the 3-form, it is 
now rather straightforward to identify the Chern-Simons superfield following the same strategy. 

To this end we recall that the prepotential was identified after certain field dependent redef- 
initions which had the form of a gauge transformation, simplifying considerably the form of the 
potentials. For instance, the new potentials had the property 

n^pA = 0, O^^A = 0, (A.114) 

Note, en passant, that these redefinitions are not compulsory for the identification of the uncon- 
strained prepotantial. They make, however, the derivation a good deal more transparent. 

Can these features be reproduced in the Chern-Simons framework? To answer this question 
we bring in the particularity of Yang-Mills in superspace, namely the existence of different 
types of gauge potentials corresponding to the different possible types of gauge resp. pregauge 
transformations as described in the previous subsection. These gauge potentials are superspace 
one-forms denoted by A, ip and (p with gauge transformations parametrized in terms of real, 
chiral and antichiral superfields, respectively. Moreover, the chiral and antichiral sectors are 
related by a redefinition which has the form of a gauge transformation involving the prepotential 
superfield T: 

ip = T-^ifT -T-^dT = ^ip. (A.115) 
Writing the superspace Chern-Simons form in terms of (p shows immediately that 

Q^^(<^) = 0, (A.116) 
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due to = 0, but 

QjM^) / 0. (A.117) 
Of course, in the antichiral basis, things are just the other way round, there we have 

OyfSAi^) = 0. (A. 118) 

On the other hand, due to the relation between ip and (p and the transformation law of the 
Chern-Simons form given above we have 

Q(^)-S(^) = dA{T,^), (A.119) 

where now the group element is replaced by the prepotential superfield T. In some more detail, 
in A = X — cr, we have 

X = X{0,<P,Y) = tr(^F), (A.120) 

where 

Y = dTT-i = E^Ya, (A.121) 

has zero fieldstrength 

dY + YY = 0. (A.122) 

As a 2-form in superspace its coefficients, identified in 

X = ^E^E^XBA, (A.123) 

are given as 

XBA = tr (Yb ^a - {-T^Yb ^a) . (A.124) 
For the interpolating prepotential Tj we define 

Yt = dTtT-^ (A.125) 

to write accordingly 



with 



a = lE^E^GBA, (A.126) 
GBA = j\tti(dtTtTt\YtB,YtA)) . (A.127) 



Consider now 

Q-y^Aif) = T^A^^p + / (2?7^/3A - {-TT^a^Af^ • (A.128) 
We perform next a redefinition 

Q ■= Q{ip)-dA, (A.129) 
where we determine the 2-form A in terms of the coefficients of the 2-form A such that 

a"^A = 0, (A.130) 
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and maintain, at the same time, 

Q^(3A = 0. (A.131) 
This is achieved with the following identification: 

A^A = A^A, = -|P^A„ A^^ = 0, (A.132) 

and, for later convenience, we put also 

Afe, = KPfeA.-P.Aft). (A.133) 

Here is identified using spinorial notation such that 

A/ = -^T/^Aa. (A.134) 

We have, of course, to perform this redefinition on all the other coefficients, in particular we 
obtain, 

Qy^a = Q-y^a{v)-'D%a. (A.135) 

In the derivation of this equation one uses the anticommutation relation of spinorial deriva- 
tives und suitable supergravity Bianchi identities together with the definition 

E^a = A^„ + |P^Aa (A.136) 

We parametrize 

Q/, = r/,17(^-^)+T/^Q[,„](^^', (A.137) 
where we can now identify the explicit form of the Chern-Simons superfield 

n^y^> = Q(c^) - (A.138) 
The first term is obtained from the spinorial contraction of 

Q/a{^) = tT{ipjJ'^a{^)) = -i(a,e)^^tr(v?^W^((^)) (A.139) 

i.e. 

Qiv) = = -itr((^-W,M). (A.140) 

It remains to read off the explicit form of the second term from the definitions above. 

In closing we note that a more symmetrical form of the Chern-Simons superfield may be 
obtained in exploiting the relation 

Q-y^ai^) - Qy^ai^) = V^^^ a + V%a + (A^^ + §(PbA, - P^A^)) , (A.141) 

with 

= A'3„ + ip/^A,. (A.142) 

Observe that different appearances of the Chern-Simons superfields should be equivalent 
modulo linear superfields. To establish the explicit relation of the Chern-Simons superfield 
presented here and that given by Ferrara et. al. in [p^ j is left as an exercise. 
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B Riemann tensor and its squared - notations 



This appendix contains some notational information concerning the Riemann tensor, its 
tensor decomposition, spinor notation and curvature squared combinations. 



B.l Vector notation 

The Riemann tensor 

Rdc,ba (B.l) 

is separately antisymmetric in the indices d, c, due to the fact that it is a differential 2-form, 
and in the indices b, a, because it takes its values in the Lie algebra of the Lorentz group. As 
a consequence of these symmetry properties there are 36 independent components. But the 
Riemann tensor is also subject to the Bianchi identities 

Rdc,ba + Rcb,da + Rhd,ca = 0, (B.2) 

which constitute 16 independent equations, thus reducing to 20 the number of components. An 
equivalent way to write the Bianchi identities is 

Rdc,ba = Rba,dc, Rdc,ba = 0. (B-3) 

The irreducible tensors contained in the Riemann tensor are the curvature scalar, Ricci tensor 
and the Weyl tensor. We define the contractions 

T^ca = R'^cda, = R'^ ,dc- (B-4) 

The once contracted Riemann tensor gives rise to a symmetric tensor of 10 components, 

Tlba = nab, (B.5) 

whose traceless part 

n-ba = - lr)ban, (B.6) 

is called called the Ricci tensor, while its trace, TZ, is called the curvature scalar. The remaining 
10 components are arranged in the Weyl tensor 

Wdc,6a = RdcM~h i^db^ca - Vda^cb - Vcb^da + Vcandb) + \ {r]dbVca - VdaVcb) n, (B.7) 

which is completely traceless. Altogether we have defined the decomposition of the Riemann 
tensor 

Rdc,ba = yVdc,ba + \ {mbT^ca " %a^cb " ?7cb^da + rjcandb) + ^ {VdbVca " VdaVcb) (B.8) 
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in terms of the Weyl tensor, the Ricci tensor and the curvature scalar. The Weyl tensor can be 
further decomposed into self-dual and anti self-dual parts, 

>V®<ic,6a = k{^dcM+i^dcfeW^\ba), (B.9) 
W®<ic,6a = l{Wdc,ba-l^dcfeWf\ba), (B.IO) 

each consisting of 5 components. 



B.2 Spinor notation 

The basic definitions for the Riemann tensor are 

^dclBpaa = (^ppKa^dcba, (B.H) 

with 

For the 2-form indices d, c an analogous decomposition holds and one defines altogether 

R5S'yy,/30aa = '^tT '''^/j "^''c , 6a , (B.13) 

with 

^S5 77 ,P$aa = XSj /3a " ^pa " ^^g^ V';3a Sj + ^^^7 ^Pcc Xg^ , (B. 14) 

and 

Xs-yPa = Xs-yfSa + i^SfS ^ja + ^Sa ^^/3)X, (B.15) 

^SjPa = ^S^ + (H$^j<^ + Ha^^p)X- (B.16) 

The relation of these spinor coefficients with curvature scalar, Ricci and Weyl tensor is easily 
established. For the curvature scalar one has 

X = (B.17) 

For the Ricci tensor we define 

'^/3$aa = ^5/3<d^ba, (B.18) 

and the like for TZha- The identification is then 



7^ 

T^BBaa = '^^.^A.- (^-20) 
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For the Weyl tensor we define 
and the same for the self-dual and anti self-dual parts. For the Weyl tensor itself on has then 

whereas for the self-dual and anti self-dual components the corresponding relations are 

^®5577,/8/3aa ^ ^^<57 ^/3a ^^T^a ' (B.23) 



B.3 Curvature-squeired combinations 

Frequently occuring curvature-squared combinations are 

e'^'^RdcfRbaJ = 2z>V®'^'='''"W®de,&a-2z>V®'^'^'''">V®<ic,6a, (B.25) 

e'^'"'e'''^f'Rhg,dcRfe,ba = -4>V<^^■^">Vdc,6a + 8:^^":^^,a-i7^7^, (B.26) 

and 

R'^^''"'Rdc,ba = W'^''^''Wdc,ba + 2'RJ"'nba + lTZn. (B.27) 

The first two correspond to 4-form coefficients, while the last one appears in conformal gravity 
theories. These expressions can be rewritten in terms of the spinor decomposition using the 
relations 

X^Xs,^a = iW®'^^'^">V®,e,ba, (B.29) 



Xs,pax'^ = iW^'^''"W^<ic,.a. (B.30) 



In the language of differential forms the Riemann tensor appears as coefficient of the curva- 
ture 2-form 

= ^e^e'^i^dcb", (B.31) 

which takes its values in the Lie algebra of the Lorentz group and has the standard decomposition 
with respect to SL{2,C), 

R(f = \&'^e.'^Rdc0°' 1 R^a = ^e'^e'^Rdc^a- (B.32) 
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Correspondingly, for the two curvature-squared combinations one obtains 



-tia — -tig tia + -tt' aH 



i Acba Tj Tj 
■jE rCdc^ba 



We use the notations 



for these 4- forms, their coefficients are defined as 



dcba 



dcbai 



with V the fundamental 4-form 



V = y^e^^e'e'^Sdcba = e^e^eW 



More explictly, using 



1 dcba TJ f TJ e 
- ^ V t J^dc e -'^ba ip : 

1 dcba D e D </5 
V t J^dc ip^ba e-i 



and taking into account the spinor decomposition gives rise to 



1 dcba Tj ip Tj e 
4 1 -fide e -fi-fea (p 



1 dcba jy ^ T> <P 
4^ -^dc ipJ^ba e 



13a 13a 



+iX^ XS^ - ^I3af3a + ^^^^ ' 



Another useful relation is (Gauss-Bonnet) 

y^dce ^baLp ^dc ip^ba < 



i_ dcba 
4 ^ 



16 



-.dcba D D 

e ^dc,d'c' ^ba,b'a' £ 



5^ (3a 



13a 13a 



16 



B.33) 
B.34) 

B.35) 
B.36) 

B.37) 



B.38) 
B.39) 



B.40) 
B.41) 



(B.42) 



C Supersymmetry and curvature-squared terms 



Supersymmetric curvature-squared terms arise naturally in conformal supergravity |44], 
and in the study of supersymmetric extensions of anomalies and topological invariants 
as well as in attempts at new mechanism of supersymmetry breaking [^], [49|, |50|. So far these 



J ' IP ' J ' 



structures have been investigated mostly |51|, |52] in the absence of supersymmetric matter and 
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gauge couplings. As is well known, the general supergravity-matter system reveals interesting 
relations between Kahler phase transformations, super- Weyl rescalings and the normalization of 
the usual Einstein curvature scalar action, which have a concise geometrical interpretation in the 
framework of Uxi^) superspace (which is also suitable for the description of variant supergravity 



theories p2[). 

It should therefore be useful to discuss the supersymmetric extensions of curvature-squared 
terms in a geometrical framework which allows to take care of the matter sector as well. This 
will be achieved in this appendix in working directly in generic Uxi^) superspace, which is 
slightly more general: the supergravity-matter system is obtained from it if one replaces the 
f7x(l)-prepotential with the Kahler potential superfield. 

But the generic Uk{^) superspace, giving rise to so-called chirally extended supergravity [^] , 
is also interesting in its own case - curvature-squared terms in this context have been investigated 
in 



As is well known, curvature-squared compenent field expressions are identified in the highest 
components of the products of the basic supergravity superfields R^R and C^Ga as well as the 
squared of the Weyl superfield, W ^ ^7/30) its complex conjugate. In the presence of the 
Uk{1) factor in the structure group, additional terms must be considered, arising from the square 
of the superfield and its complex conjugate. Different curvature-squared combinations are 
then obtained from appropriately chosen linear combinations of these basic superfield products. 
In principal, the highest components of these superfield products can be obtained through a 
explicit, though somewhat painful, calculation. 

In this appendix we will take advantage of the geometric description in superspace, in partic- 
ular the covariant decomposition in terms of the 3-form geometry, to present a more systematic 
construction of supersymmetric completions of curvature-squared terms. 

We shall start from the Gauss-Bonnet combination of curvature-squared terms. In our 
notations it appears in the purely vectorial coefficient of the superspace 4- form (see ( |3.5D ) 

^{+)_${-)^ (C.l) 

which, in some more detail, is given as (see also appendix B) for the relation between vector 
and spinor notation of the curvature-squared terms) 

24 ^ * dcba 24 dcba 

-X^X.^-X,^X^+2^- - V^^^^^. -24x^. (C.2) 

On the other hand, from the covariant decomposition established in the main text we have 

e<icbaj^(±)^^^^ = e''^''^ {^^^^dcba - 4P,m(±),,, - 6r,,^M(±)^fe,) , (C.3) 
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where the expression on the left is related to the 3- form structure by (see |3.2C ) 



This shows how the super symmetric completion of the Gauss-Bonnet combination is identified 
in the leading term of a supersymmetric chiral density construction. Using the explicit form of 
the superfields T^^'^) and S^^"* as defined in eqs. ( p9|) - (|3l92|) one obtains 



xOS + 8 Xs^p^ - 16 V ^ ^ i'f,^^^ + 192 + Div(+) - Div^") 



-n+ [G''Ga + 2R^R) . (C.5) 
Here we subsumed a number of supercovariant derivative and nonlinear terms under the symbols 
Div(±) = +1 □- +8R^R+I C'Ga) + i e'^^''^ (4P,M(±)efea + 6rde^M(±)<^b,) , (C.6) 
and used the notations 

- (V^ - 24i?t) _ SR^ ± (p2 _ 24R^ (p2 _ g^t^ ^ (c.7) 



for the generalized fourth order covariant derivative operators, understood to act on superfields 
of vanishing Uxi^) weight. In particular, the combination amounts to a generalized covariant 
divergence term. In some more detail, its action on a generic superfield X of vanishing Uk{^) 
weight may be written as 

D-X = -AiV"^ {[Vc„V^]-4Gaa)X + 32 S'^Vc.X + 32 Sc.V'^X. (C.8) 



Using this equation together with the explicit form of the coefficients of M*^^^ in ( p.6| ) one 
verifies directly that /i^^^ drop out in the expression for Div'-^^ This property allows to cast 
Div^^^ in the form 

Div(±) = ^e'''^'''(^4vM^Kba + GTac^M^^^^ba), (C.9) 

with M(=t) defined as M^^^ evaluated at the special values = -8R^R - ^CGa, i.e. 

m(±) = m(±) = -8R^R - I G^Ga) . (C.IO) 

In practical calculations it is sometimes more convenient to use this same expression in spinor 
notation : 

DivW = -4iP°"MW„^ + 8r'^^-MW^^„-8r'??^MW^^^. (C.ll) 
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Turning back to eq. (|C.q ), we observe that it identifies the Gauss-Bonnet combination in 
the expansion of the basic superfields of Uk{^) superspaceQ, that is a particular combination of 
the D-term of the superfield C^Ga + 2B) R and the F-terms of the chiral superfields W"^ and 
X"^ and their conjugates. The term Div*-^^ — Div*-"-', which arises naturally from the geometric 
construction, is necessary for the supersymmetric completion once the projection to component 
fields of (C.5) is employed in the chiral density construction as explained in section 2.3 of the 
main text. 



Note also that the particular combination of W"^ and X"^ occurs in ( |C.5| ) in order to ensure 
the absence of the square of the UxiX) ^^Id strength. 

Instead of reading eq.( |C.5| ) as an expression for the leading term of the supersymmetric 
Gauss-Bonnet combination we shall now turn the argument the other way round and use the 
same equation to determine the highest superfield component of C^Ga + 2K^R. To do so, we 
make use of the explicit expressions for the F-terms of the chiral superfields W'^ and X^ and 
their conjugates. 

First of all, the square of the Weyl spinors provide the leading terms in the supersymetric 
completion of the square of the Weyl tensor, as can be seen explicitly from the equations 

y - 24i?t) W't-W^^^ = -2 xs^ - I V + 16 W't-W^^^ 

+8i W^^ (V^" - iG^") T^^ . , (C.12) 



and 



('D'-24R)w.^.w''3 = -2xj,.^.x^-y,.f~^^ + 16RW.,.w''l^ 

V / 7/3a ^d7/3a d ■'/3a-' ■y/Ba 

+8i W^t^{V'^^ + iG^^)T.^^. (C.13) 

Note the presence of the squares of the Uk{^) field strength, i.e. the terms f^-^ fp^ ^"^^ f^a^^^ 
in these equations. 

In turn, the F-term of and its conjugate are given as 

(p2 _ 24i?t^ = -32 f"ff^^ + 8i X'^V^aX'^ - (VX^f , (C.14) 

(V^ - 2AR^ X^X'^ = -32 f^J'^-^ + 8i X'^V^aX'^ - (VaX'^y . (C.15) 
Notations which intervene here are 

//3a = fl3a-T9l3a^ /^o = f ~ ^ ^ Pa' (C.16) 



^On the other hand, the description of the Gauss-Bonnet combination in the traditional superspace is obtained 
from this expression by simply turning off the Uk(^) sector, i.e. taking Xa_ to be zero. 
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9l3c 



\ + VjGn^) , g^. = -\ {v^^G^a + V^aG^^) , (C.17) 



where G^a = T^bGa — T^aGb has the same standard spinorial decomposition as Fjja, that is 

= 2e^c«% -2€/3a5^^, (C.18) 
and Fj,a = F^^ — ^G^a- Putting all this information together, one finally obtains 

-IQif-^ij^^^^ + 192 + (Div(+) - Div(-)) 
+32i W''^ (P," - iGa") T^^ ^ + 64 i2t W^&W^^ 
+32i W''^ {V-a + iG^a) T.^ „ + 64 i? W.^m''^ 

+^ + ^ - ^ (C.19) 

One sees that the squares of the Weyl tensor drop out and we are left with the combination 

4 /-^ -° - 48 = n'"' n^a -^nn = n"^ n^a - 1 nn. (c.20) 

Recall from the previous discussion, that Div*^^-' — Div*^"-* hides a number of derivative and 
nonlinear terms which are not very illuminating for the present discussion. Their explicit form 
may be inferred from the results presented in appendix D, if desired. Finally, we display the 
contribution arising from R^R alone: 

n+R^R = +1 (7^ + V^Xaf - 1 7^ (c^Ga + 2R^R^ 

+16 R^ VVaR + 16 RV'VaR^ - 64i G" (R^VaR - RVaR^) + 8 {V'Gaf 
-8i (7%^ VaV^R^ + V^R^ VaV'R + W^RGaV^R^) 
-| (g"G„ + SR^r) V^Xc, + 8 (G^Ga - 4R^Ry 

-8R VaR^ V^R^ -8R^ VR V^R - 24 X^V^R^ - 24 R^ X^^V^R (C.21) 

In conclusion, the formulas derived in this appendix provide the starting point for a con- 
structive procedure to describe the supersymmetric completion of any combination of curvature- 
squared terms by means of the generic chiral density construction. 
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D The covariant decompositions = + d 



An important point in our investigation of gravitational Chern-Simons forms was the covari- 
ant decomposition = T,'^ + dM^ , relating the curvature (resp. fieldstrength)-squared 4- 
form to the geometrical structure of the 3-form multiplet of supersymmetry in the four cases 
A G { (+) , (-) , (1) , (y^) }. As explained in section 3.1. the components of the 4-forms S'^ reflect 
the constraint structure of the geometry of the 3-form multiplet in their tensor structure and the 
nonvanishing components are expressed in terms of the basic covariant superfields and their (co- 
variant) derivatives. Moreover, the difference between the original complete curvature-squared 
4-form ^I'^ and the constrained 4-form can be cast in the form of an exterior superspace 
derivative of the 3-form , which is expressed in terms of the basic covariant superfields and 
their covariant derivatives as well. The resulting expressions, which are obtained by an explicit 
calculation in each individual case, are rather involved in particular in the gravitational (+) - and 
(-) - sectors. It seems therefore preferable to give a compendium of the corresponding formulae 
in the four subsections of this appendix. 

Although the covariant decomposition have been established by an explicit calculation in 
each sector separately, there is a number of features they have in common. 

First of all, resuming the discussion after eq.( |3.7D , the components of reflect the 3-form 
constraints, i.e. 

^^SjpA = 0. (D.l) 

Furthermore, given these restrictions, the Bianchi identities dS^ = imply a number of con- 
sequences for the remaining components. Most importantly it turns out that all the components 
of are completely described in terms of two superfields and T^, appearing in 

which are subject to the chirality conditions 

V^S^ = 0, 2?"r^ = 0. (D.3) 
Furthermore one finds (cf. eqs.( |3.17| ), ( p. 18 ) and ( 3.2C| )). 



6 cba — —jQCr'^g^dcbaT^^S^, T.^ ^ cba — +J^Cr^^^£dcbaT^5T^, (D-4) 

and 

2iS^ = -^(V"^ - 8R^)t^ + ^(V^ - 8R)s^, (D.5) 
where the boldscript scalar superfields is defined as 

^'^dcba = ^dcba^^- (D-6) 
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As already explained above the superfields S and T have a different form in each sector, 
but once they are known (and they will be given explicitly below), the 4- form S'^ is completely 
determined. 

Recall also that the component S^^^ ba is found to have the tensor structure 

In other words this means that o']^ S^^^ is completely antisymmetric in the three vector 
indices c, h and a. A closer look at the decomposition = S'^ + dM^ shows then that 

this component appears always in a particular linear combination with M^^ba- More precisely, 
using the decomposition 

M^,^ = <^ M^,,, = 2ie . ^6,„M^^^ - 2ie^^e,^M^^^ , (D.8) 

this combination is M'^aa + '^'^aa ■ As a consequence, one has the freedom to redefine individ- 
ually M^aa and S^qq, , provided their sum remains unchanged. Such special assignements 
are called conventional constraints and one might, for instance absorb T^^aa completely in a 
redefinition of M'^aa , such establishing the conventional constraint mentioned in eq. ( |3.15 ). 

In the remaining part of this preamble we give the definitions of the tensor decompositions 
of the components of the 3-form which are the same in the four cases. One has 

M^^pc^a = a^^M^^pa, (D.9) 
2e^^M^^ p^ - 2ep^M^^_ 0^ , (D.IO) 

M\^^„ = + e^^M\ + e^„M%, (D.ll) 

In the following the explicit expressions for these superfields in the different sectors will be given. 



and 

7 pp aa 

with 



D.l ^« = SW + dM(+' 

Although part of these results have already been exposed in section 3, the complete set of 
expressions is displayed here. For the components of the 3-form M^+' one obtains 

M(+>^^^ = 0, m(+)^^, = 0, (D.13) 
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M''^\j3 ad — —8iR^ {e^aGf^a + ^PaG^a) , 

ad = -i^-ya ^pa ~ I (^7/3 + ^a^ G-yd) , 

at dimension 3/2 and 2, whereas at dimension 5/2 the various irreducible components are 



as 



and 



/3d = I E (l6i?^2^^G7a + ^G^^VaB} - G'^ ^V^G^a - AG'^pV^G^a) , 

" /3d 

M^'-^Pa = -8R^W^pa + ^f G^^{VpGa^ + VaGp^), 

12 M^+^c. = -3Pa/^'+' - 16Pa(^i?^) 

-SR^fV^Ga^p - 18Ga<pV'^R'' + 2G'^<^p„G^^ + 5G'^^P^G„^ , 
^%/3d = ll^G^iiPpG^^ + T^^G^p)^ 

■O J"/ pa 



D.14) 

D.15) 
given 

D.16) 
D.17) 

D.18) 

D.19) 
D.20) 

D.21) 

D.22) 
D.23) 



AM^+^a = Vati^+^ +2G'^aV^R + G'^'^V^G^a. 

The superfields S'-^^ and T^+' are defined as 

S(+) = (p2 _ g^t j |^^{+) + i6^t^ _ l^G^^G^^) - 4X^X^, 

For the remaining components at dimension 3 one finds 
M^+^ad + S^+'ad + I {pa, Pd] - 4G„d) = 

+ JqG'^'^ (4 [D^p^V^] Gad + [^aj^d] — SR^RGad — ^GadG'^'^G^^ 

-VaRVaR^ - ^V^Ga^ V^G^a + ^T^d^ T + 8T^^d 

+T^^ ^ [IV^R + §V^G^^) - T^^ „ (4P'^i?t + fP^G^^) 

{p{pG csict ~l~ 2^cx.cx.G(p(p '^.'^(pdiGcxip '^'^cx(pG(pdi^ 4Z-f2^2^Q;Q;-/?. 

The remaining coefficients of the 4- form S^+\ ie. 

S(+)5 eba, ^^^^dcba, (D.25) 

are obtained as spinor derivatives of the superfields 5*'+' and r'+' as explained in the preamble 
to this appendix. 
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D.2 = S(-' + rfM(-' 



Although the basic structure in this sector fohows the same pattern as in the previous 
subsection (it is basicaUy the complex conjugate), we will be slightly more explicit and try to 
give a flavour of the sequence of arguments used to establish the 3-form constraints 



S(-) 



0, 



starting from the curvature-squared 4-form 

In more detail, and in analogy to eqs. (|3l^ ) and one has 



{-) . 



57/3 aa 



-8i 



5-7/3 



^(-)'57/3 



(D.26) 

(D.27) 

(D.28) 
(D.29) 



due to the constraints on the curvatures themselves. Identifying (modulo the discussion at the 
end of section 3.1, eqs.( |3.3lD - ( |3.37| )) 



7/3a — 0, 



7/3a 



0, 



and 



establishes 



M 



(-) 



7/3 aa 



-8iR ( ^■ya.G^p + ^piyGa^ 



0. 



In the next step, taking into account 



1.7 ip 



57 



one is lead to parametrize 

'7/3 aa = -'^^ya " § (G^^ Gaa + G^^ G^ 

where we note the appearance of the arbitrary superfield /i'"'. 

At dimension 5/2 the components of the curvature-squared 4-form are given as 

^"5^^a = -WRRsa^-^-^{R^a\ + R\^^)Gs^, 



(D.30) 

(D.31) 
(D.32) 

(D.33) 
(D.34) 



and 



'^RSa^ifiG'y^ AR^a^ ipGj^'^ . 



(D.35) 
(D.36) 
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This in turn determines the components \ba- Employing the decompositions defined in the 
preamble to this appendix, the different irreducible tensors appearing here are given as 



M^-'^^pa = -|^(l6i?P^Ga^ + 4G;372^«i?-G/P^Ga^-4G/P^G«^), (D.37) 

12 M^-^a = 3PdM'"' + lQVa{RB}) 

+8RV'^G^a + ISG^dP'^i? - 2G'^'^V^G^^ - SG'^'^P^G^d, (D.39) 



M^-\/3a = -If G^'^{VpGa^ + V^Gp^), (D.41) 

4M(-'e, = -Va^l'~-^ -2GjV^R^ -G'P'^V^Go,^. (D.42) 
In this way one ensures that 

S'-^5/„ = 0, = 0. (D.43) 

The two chiral superfields and T^"' are then determined to be 

= (p2_8i^t)(^(-) + 3^-G„«)+321^.^.^^^^V|X«X^ (D.44) 

r(-) = _ |^^{-) ^ _ ISQadQ^^^ _ ^x'^Xa. (D.45) 

The analysis of the ^'^~\a - sector shows then that the component T,'-^^S"/bai is expressed in 
terms of one single vector S'^'q^ (sec preamble to this appendix again) which in turn combines 
with the purely vectorial component of M'-^^aa such that 

M^-\a + ^^-\a + I {[Da, ^d] - ^Gaa) M^"^ = 

+ ^G'^'^ (4 [D^,T>^] Gaa + [Da, Da] G^pip) — SR^RGad — ^G adG'^'^ G ^p^p 
-VaRDdR'' - ^D^Ga^ D'^G^d + ^T^a^ T^j - ST'^a W.^^ 
-T^^ ^ (aV^R + IV^G^'^) + T^^ , (|P^i2t + ^v^G^^) 

iG^^ ^DipipGad ~t~ ^DadG^^ "^D^aGaip "^DaipG^dJ ~l~ ^iRDadR^ • (D.46) 

Again, the remaining coefficients of the 4-form S*"', i.e. S'"'^ cba and T^^^^dcba, are obtained as 
spinor derivatives of the superfields and T*"' as explained in the preamble. 



76 



D.3 = SW + (iM« 

The Uk{'^) - sector with ^'^^^ = FF is shghtly less involved than the preceding gravitational 
sectors. The components of the 3-form M^^^ at dimension 3/2 and 2 are given as 



M«^^« = 0, M^'\^a = 0, M^"\0a =0' 

and 

ad = -i^ja ^i3a /^^^^ ~ T (^7/3 + ^7") • 

At dimension 5/2 the components M^^^-y ^ahave irreducible components given as 



f G'/j''' ( 3 T;^^ ^ + e(^^(XQ, Sa) 

" $d 



The chiral superfields 5^^' and T^^^ are given as 

S^^^ = _ 8i?t^ (^^m + iG^'Gb) - 2X«X<^, (D.55) 

^ (^2 _ g^j J^^(i) ^ 9(7b(5j^^ _ 2X"X«. (D.56) 

Finally, one obtains 

M^'\a + + I 25a] - 4G„d) (/x'^^ + fG^Gfe) = 

— ^XqXq — 3(Ga^ + ^'''a /<^) + ^G'''^ {PipdGaip — 1^a(pG(pa) ■ (D.57) 



D.47) 
D.48) 

D.49) 

D.50) 

D.51) 
D.52) 

D.53) 
D.54) 



D.4 ^(^■^) = E^^-^^ + (i M^^-^' 

In the Yang-Mills sector the components of M^^-'^'> and S*^-'^) are given as 

M^^^^pa = 0, M^y^\fsa = 0, M(^^) „ = 0, (D.58) 
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(D.59) 



M(yM) 



7 P$ ad 



7 (S$ ad 



-hd (€7/3^«M^^^'+e7a^?/3/^'^^"') 



(D.60) 



(D.61) 



as well as 




(D.62) 



(D.63) 



where S^^^' and T^^^' are as usual related to the components T,^^-^^Sjba and S^^^' ba, and 



It is clear, that in this case the decomposition is trivial in the sense that one can take ^u*-^-^' = 
and M*'^-^' = as a superspace 3-form. 
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